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Due to the superior performance of negative stiffness damper (NSD), its 
application to the vibration control of bridge stay cables attracts much research 
attention in recent years. Nevertheless, the effect of various system parameters on 
NSD performance has not been fully studied, especially the impact of damper 
support stiffness. In the current study, an experimental study on the dynamic 
response of a cable-NSD system is conducted to investigate the effect of negative 
damper stiffness and damper support stiffness on the efficiency of NSD. A 
numerical simulation is performed to not only validate the experimental results, but 
also evaluate the influence of various system parameters on NSD performance. A 
NSD design tool is developed to predict optimum damper size and the corresponding 
maximum achievable modal damping ratio of a cable-NSD system. Results show 
that when the stability criterion is satisfied, choosing stronger negative damper 
stiffness would enhance NSD efficiency. The impact of support stiffness on NSD 
performance depends on the magnitude of damper stiffness. Attach a NSD to a cable 
having larger sag and/or higher bending stiffness would yield a lower maximum 
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Chapter 1 Introduction 
 
1.1 Background 
Cable-stayed bridge was introduced at the end of the 16th century by Fausto 
Veranzio in the book of Machinae Novae (Zahrai and Froozanfar, 2019). It developed 
rapidly in the second half of the 20th century after the modern design of cable-stayed bridge 
was proposed in Germany (Lin and Yoda, 2017). At present, cable-stayed bridges are 
widely used for bridges having medium- to long-span length due to its economy and 
aesthetics. Compared to suspension bridges, ground condition at the site would not be a 
major issue for cable-stayed bridges due to its load transmitting mechanism. The most 
economic span length range of cable-stayed bridges varies between 300 m to 1000 m. 
However, longer span cable-stayed bridges are becoming more popular since it is less 
costly than suspension bridges when the span length is less than 1400 m (Nagai et al., 2004). 
For instance, as the current longest cable-stayed bridge in the world, the main span of the 
Russky Bridge in Russia is 1104 m. The second longest one is the Sutong Yangtze River 
Bridge in China. It has a main span of 1088 m. The third longest one is the Stonecutters 
Bridge. It is also in China and has a main span of 1018 m. Since stay cables have low 
natural frequency, low lateral stiffness, and low inherent damping, they are vulnerable to 
various types of dynamic excitations. Frequent and violent vibrations of cables would cause 
fatigue failure of anchorage and unrecoverable damage. Thus, the need of effective 




1.2 Mechanisms associated with various types of cable vibrations 
 A number of vibration excitation mechanisms have been studied to develop 
countermeasures to protect cables on bridges. The vibration phenomena observed on cables 
include vortex-induced vibration, wake galloping, high-speed vortex-induced vibration, 
dry galloping and rain-wind-induced vibration.  
 Vortex-induced vibration could happen under smooth and low speed wind. An 
alternate shedding of von Kármán vortices occurs on two opposite sides of the cable surface 
which generates transverse oscillating force to excite the cable. If the vortex shedding 
frequency coincides with the natural frequency of the cable, resonance would occur and 
lead to large amplitude oscillation. On site observations reveal that the amplitude of vortex-
induced cable vibration is generally less than one cable diameter and may cause fatigue 
failure of a cable and its anchorage (Zuo et al., 2010; Chen et al. 2013).  
 Wake galloping occurs when a cable is exposed to the wake of other structures. In 
a twin-cable system, the downstream cable may be subjected to the enhanced or reduced 
flow which is caused by the wake effect of the upstream cable and start to oscillate with an 
elliptical motion path. Moreover, large amplitude vibration can appear due to resonance if 
the vortex shedding frequency in the wake of the upstream cable coincides with the natural 
frequency of the downstream cable. It can be easily avoided by considering critical cable 
spacing (Bokaian and Geoola, 1984; Matsumoto et al., 1998; Kumarasena et al., 2007). 
Rain-wind-induced vibration is one of the main issues of contemporary cable-
stayed bridges. Field records based on a five-month monitoring program (Hikami and 




speed of 6-17 m/s within a low frequency range of 1-3 Hz. It has been found in wind tunnel 
tests that moderate rain could attach to cable surface under moderate wind speed and form 
upper and lower water rivulets on the surface of an inclined cable. Some experimental 
studies (Hikami and Shiraishi, 1988; Cosentino et al., 2003; Wu et al., 2013) indicated that 
rain-wind-induced vibration was a type of two-degree-of-freedom aerodynamic instability 
due to the coupled motion of cable and water rivulets. The others (Bosdogianni and Olivari, 
1996) implied that rivulets reshaped the cross-section of cables and made it asymmetric 
which generated non-zero lift. Therefore, cable would start to oscillate and exhibit large 
amplitude vibrations.  
High-speed vortex excitation is an important cause of severe vibration problems of 
inclined cables under no precipitation condition. As described by Matsumoto et al. (1998), 
an unexpected oscillation of cables was observed during a typhoon at a wind speed which 
was much higher than the critical speed of Kármán vortex-induced vibration. This 
phenomenon was identified as high-speed vortex-induced vibration. According to the wind 
tunnel testing condition of Matsumoto et al. (2001), axial flow resulting from the inclined 
orientation of a stay cable was observed to form axial vortex and shed once every three 
Kármán vortices. Therefore, conventional Kármán vortex shedding would be amplified 
every third of its vortex shedding by the axial vortex to excite the cable. Although the 
presence of axial flow was considered as an essential factor of high-speed vortex-induced 
vibration, the mechanism of this type of vibration has not been fully understood yet and 




Dry galloping is identified as an aerodynamic instability phenomenon of inclined 
stay cables. So far, it has only been observed in a few wind tunnel studies (Saito et al., 
1994; Miyata et al., 1994; Cheng et al., 2003). Research suggested that the occurrence of 
negative aerodynamic damping of cables (Cheng et al., 2008a; 2008b) could be a main 
contributing factor to dry galloping. When Reynolds number is in the range of critical 
regime, non-zero lift force may appear but drag force decreases significantly. According 
to the Den Hartog criterion (1956), the aerodynamic damping can be expressed as 𝜉𝑎 =
𝑑𝐶𝐿 / 𝑑𝛽 + 𝐶𝐷, where 𝐶𝐿 is the lift coefficient, 𝛽 is the angle of attack, and 𝐶𝐷 is the drag 
coefficient. If the slope of the lift coefficient against the angle of attack is negative and the 
drag coefficient is small, as what could happen in the critical Reynolds number range, it 
might lead to a negative aerodynamic damping, and result in divergent oscillation. Cheng 
and Tanaka (2005) investigated the relation between dry galloping and lift correlation of 
aerodynamic forces along the span of a cable. Results showed that the correlation was 
enhanced within the critical ranges of Reynolds number and model orientation. Raeesi et 
al. (2015) found that sufficient duration of critical condition was also necessary for the 
occurrence of dry galloping. However, at present the mechanism of dry galloping is still 
not fully clarified. 
Parametric excitation occurs when live traffic load, earthquake or wind load acting 
on bridge deck and/or pylons moves cable anchorages in the horizontal direction and thus 
excites the cables.  Nayfeh et al. (1983), Tagata (1977), Pinto da Costa et al. (1996) built 
and developed relevant analytical models to obtain the response of cables under such 




cable anchorage was about twice the natural frequency of the cable, large amplitude cable 
motion would occur.  
 
1.3 Methods to control cable vibrations 
The effective vibration control measures for cables is needed due to their 
vulnerability to dynamic excitations. Generally, countermeasures can be categorized as 
aerodynamic and mechanical types. 
 The aerodynamic type of vibration control methods is to modify the geometric 
shape of cable cross-section to improve its aerodynamic performance. As Matsumoto et al. 
(1995) suggested, using protuberated or helical wire whirling (Figure 1.1) as cable coating 
could be a measure to decrease dynamic responses of cables against wind load. It is proved 
that they can disturb the formation of axial flow so that galloping can be suppressed. 
Besides, non-smooth surface can prevent formation of rivulets to control response of a 






                                 (a)                                                                 (b) 
Figure 1.1 (a) Protuberated surface (Caetano, 2007); (b) Helical wire whirling 
(Christiansen et al., 2018) 
 
 The mechanical type of cable vibration control approaches includes cross-ties and 
external dampers.  
 Cross-ties are used to connect vulnerable cable(s) to the adjacent ones to increase 
the stiffness of the interconnected cables. Yamaguachi and Nagahawatta (1995) tested the 
effect of cross-tie using a simple two-cable system. The modal response was proved to be 
refrained and the rigid cross-tie was found to hardly dissipate any energy. Furthermore, 
Yamaguachi and Alaudin (2003) identified the effects of cross-ties by both experimental 
study and analytical approaches. Cross-tie helps to increase cable stiffness and thus cable 
frequency by reducing its effective length. Meanwhile, higher cable frequency would 





 Caracoglia and Jones (2005a, 2005b) developed analytical models to evaluate the 
performance of cross-ties. Moreover, they carried out a parametric study by changing the 
installation location, the number and the stiffness of cross-ties. The existence of local 
modes was predicted in the study. Ahmad and Cheng (2013) proposed a two-cable network 
analytical model to study the effect of cross-ties by considering cross-tie stiffness. 
Subsequently, a refined analytical model was established to evaluate the performance of 
cross-ties in vibration mitigation of a cable network with the consideration of damping 
property of cables (Ahmad et al., 2014). The model was extended further to consider 
arbitrary number of cables and cross-ties (Ahmad et al., 2016a). Ahmad et al. (2016b) also 
systematically studied the impact of local modes and defined a parameter, degree of mode 
localization (DML), to distinguish between local modes and global modes. In addition, two 
criteria were proposed to identify the formation of local mode cluster (LMC). It was 
suggested that in the cross-tie design, the location, the stiffness and the number of cross-
ties should be selected cautiously to not only improve the in-plane network rigidity, but 
also delay the formation of LMC and reduce its size.  
External dampers are widely used as a vibration control measure on many bridges. 
They include passive and semi-active dampers, such as viscous damper (Main and Jones, 
2002), magnetorheological damper (Snyder et al., 2001), friction damper (Martinez and 
Curadelli, 2017), high-damping rubber damper (Cu and Han, 2015) and tuned mass damper 
(Hoang, 2016). Viscous dampers are commonly used on bridges. It can dissipate energy by 
viscous resistance. As for magnetorheological dampers, they have been implemented onto 
several bridges, like the Dongting Lake Bridge (Duan et al., 2006), as a semi-active control 




their application on site. Fournier and Cheng (2014) pointed out that positive damper 
stiffness and/or flexible damper support would reduce the performance of external dampers 
based on the results of experimental study and numerical simulations. Approximate design 
equations were proposed for passive viscous damper which consider the effects of damper 
stiffness and damper support stiffness.  
Recently, a number of studies indicated that it was possible for a passive damper to 
reach the same high damping performance as a semi-active damper if its stiffness is 
negative. Iemura et al. (2001) observed that a pseudo-negative stiffness control algorithm 
could effectively suppress the dynamic response of bridge deck. Iemura and Pradono (2003) 
proved that a negative stiffness generator attached to an oil damper could improve the 
damper performance, which was known as the pseudo-negative stiffness damper. Høgsberg 
(2011) designed a negative stiffness magneto-rheological damper and estimated its 
efficiency. Based on these observations, passive negative stiffness damper (NSD) was 
developed, of which the negative damper stiffness was generated by either a pre-buckled 
beam (Kashdan et al., 2012), or pre-compressed springs (Pasala et al., 2013), or a friction 
isolator on a convex friction interface (Iemura and Pradono, 2009), or magnets (Shi and 
Zhu, 2015). The governing equation of in-plane cable dynamic motion considering its 
flexural rigidity and sag effect was developed by Fujino and Hoang (2008). They also made 
use of perturbation method to obtain the asymptotic solution of damping ratio of a damped 
cable. However, the damper stiffness was not included in these equations. Moreover, the 
cable was assumed to be fixed at both ends. Javanbakht et al. (2018) refined this analytical 




be extended to the application of zero, positive and negative stiffness dampers. All these 
existing studies identified NSD as a type of high performance damper. 
 
1.4 Motivation 
 High efficiency of passive negative stiffness damper (NSD) on energy dissipation 
has been proved by a number of analytical and numerical studies (Zhou and Li, 2015; Shi 
et al., 2016; Shi and zhu, 2017; Javanbakht et al., 2018; 2019). Compared to semi-active 
damper, it can reach the same level of modal damping but is low in maintenance cost. 
However, there are only a few experimental works available on the performance of NSD. 
Therefore, further experimental study is needed to extensively investigate the behavior of 
NSD and the influencing factors. 
According to Fourier and Cheng (2014), flexible damper support would degrade 
the performance of a positive stiffness damper. Nevertheless, the analytical results by 
Javanbakht et al. (2018) implied that on the contrary, flexible damper support could 
enhance the performance of a negative stiffness damper. There is no available experimental 
study which evaluates the effect of damper support stiffness in the case of a negative 
stiffness damper. Consequently, both numerical simulation and physical tests are essential 






 To study the NSD behavior in suppressing cable vibrations, physical experiments 
and numerical simulations need to be conducted. Moreover, a parametric study should be 
carried out to further understand the effects of damper stiffness and damper support 
stiffness, cable sag, and cable bending stiffness on the damping ratio of a cable-damper 
system. Based on the results of parametric study, empirical formulas for estimating 
damping ratio of a cable-NSD system will be proposed. The objectives of the current study 
are proposed as follows: 
1. Investigate the behavior of a NSD. 
2. Study the effect of damper stiffness on the performance of a NSD. 
3. Examine the impact of damper support stiffness on the effectiveness of a NSD in 
cable vibration suppression. 
4. Evaluate the influence of cable sag, cable bending stiffness, and damper installation 
location on the NSD efficiency. 
5. Develop NSD design tools. 
 
1.6 Scope  
To achieve the above objectives, the scope of the current research is proposed as 
follows: 
1. Experimental study  




b) Perform calibration experiments to measure the damping coefficient and 
damper stiffness of the designed NSD. 
c) Conduct free vibration tests of an undamped cable to obtain dynamic properties 
of the cable including its first modal frequency and first modal damping ratio.  
d) Perform forced vibration tests of a cable-NSD system to study the effects of 
damper support stiffness and damper stiffness on the damping ratio of the 
damped cable. 
2. Numerical simulation  
a) Develop a finite element model for a cable-damper system in Abaqus. 
b) Validate the numerical model by experimental results and an existing analytical 
model. 
c) Conduct parametric study using the validated numerical model to investigate 
the effects of damper stiffness, damper support stiffness, cable sag, cable 
bending stiffness, and damper installation location on the vibration control 
efficiency of a NSD. 
3. Develop empirical equations based on the results of the parametric study to assist 




Chapter 2 Literature Review 
 
2.1 Dynamic response of a damped cable 
 As a countermeasure for suppressing cable vibrations, external dampers, in 
particular viscous dampers, are commonly used on many cable-stayed bridges. By 
dissipating energy, external dampers can mitigate excessive cable response induced by 
various types of excitation mechanisms. Chopra (2012) used an energy approach to explain 
how a linear viscous damper could limit the maximum amplitude of vibration in a single-
degree-of-freedom system. Figure 2.1 shows that when a single-degree-of-freedom (SDOF) 
system is subjected to a harmonic load, the dissipated energy, ED, increases in a quadratic 
manner whereas the input energy, EI, increases linearly. Therefore, the response amplitude 
cannot develop infinitely. Although a cable-damper system is a multi-degree-of-freedom 
system, the cable motion at the damper location is still harmonic when damping force is 
relatively small (Krenk and Høgsberg, 2005). Consequently, the damper can help cable to 
prevent divergent motion when resonance occurs. The energy dissipation efficiency of 
damper is dependent on the cable motion amplitude at the damper location. 
Irvine (1981) concluded previous works of cable theory and developed linear and 
nonlinear theory of free vibrations for both shallow and deep cables. He started with the 
taut cable theory and established cable vibration equation. In the assumption of taut cable 








Figure 2.1 Input energy EI and Dissipated energy ED in a SDOF system 
  
 Kovacs (1982) studied the optimum damping coefficient of a viscous damper 
installed near one end of a taut cable by semi-empirical interpolation between solutions of 
two extreme cases: the undamped cable vibration and the damped cable vibration with 
infinite damping capacity. The optimum viscous damping coefficient was identified to be 
numerically equal to half of the ratio between the damper location from the nearest support 
and the cable length. Pacheco et al. (1993) confirmed the existence of the optimum viscous 




cable when a linear viscous damper is placed close to one cable end. The universal damping 
estimation curve was developed based on the approximate solutions of the lowest six cable 
modes when the damper is placed within 10% of cable length to one cable end. However, 
the sag and bending stiffness effects were neglected in the study. An asymptotic expression 
for the universal damping estimation curve was developed by Krenk (2000). It was pointed 
out that the estimation curve was only applicable when 𝑥𝑐/𝐿 < 0.05, where 𝑥𝑐  is the 
distance between the damper location and the nearest cable end. 
 Furthermore, Krenk and Nielsen (2002) extended Krenk’s complex modal analysis 
(Krenk, 2000) based on the taut cable theory to shallow cables by considering the sag effect. 
Fujino and Hoang (2008) included the effect of cable inclination angle and bending 
stiffness in the analytical model. In addition, they considered the effect of damper support 
stiffness and derived an asymptotic solution for the damping ratio of a cable-damper system. 
Results showed that the presence of cable sag and bending stiffness would reduce the 
damping ratio. It was also found that the reduction of damper support stiffness could 
decrease the maximum damping ratio of a cable-damper system. Later, an experimental 
study and numerical simulation conducted by Fournier and Cheng (2014) found that a more 
flexible damper support could degrade the damper performance in both positive and zero 
stiffness viscous dampers. An empirical equation was proposed to determine the maximum 
achievable damping ratio in designing a viscous damper. Javanbakht et al. (2018) refined 
the damper design formula established by Fujino and Hoang (2008) by taking into account 
the damper stiffness effect. It can not only be used to design zero (ZSD) and positive 
stiffness dampers (PSD) studied by Fourier and Cheng (2014), but is also applicable to 




damper stiffness could significantly increase the maximum achievable damping ratio of a 
viscous damper. However, unlike in the PSD case, the flexible damper support was found 
to be beneficial to improve the performance of a NSD. 
 
2.2 Negative stiffness damper  
 When studying semi-active dampers, Iemura et al. (2001; 2003) found that this type 
of damper would perform better if the equivalent damper stiffness was negative. 
Subsequently, Iemura and Pradono (2003) developed a special active control scheme, 
which was called pseudo-negative control, on a benchmark cable-stayed bridge to simulate 
a pure passive negative stiffness damper. They obtained excellent results which were 
comparable to an active damper system. In other words, a passive or semi-active NSD can 
achieve the same high-level damping performance as an active damper. Høgsberg (2011) 
verified that after introducing pseudo-negative stiffness to the magnetorheological (MR) 
damper, the damping ratio of a damped cable could be significantly improved. However, 
the local displacement at the damper location would be amplified in the case of an NSD. 
Due to the advantages of NSD, various approaches were used to generate negative 
stiffness in a damper. In particular, much effort was dedicated to develop passive NSD due 
to its low maintenance cost. In the past few years, four different methods were proposed to 
generate negative stiffness in dampers, which included using a pre-buckled beam, pre-





2.2.1 Negative stiffness by a pre-buckled beam 
Kashdan et al. (2012) fabricated a bi-stable beam to create negative stiffness 
property for a damper. In the bi-stable system, a damper is attached to the center of a pre-
buckled beam and generates viscous force in the transverse direction. Figure 2.2 illustrates 
the relationship between the force and the displacement at the beam mid-span. The working 
range of a pre-buckled beam is indicated by curve BC in Figure 2.2. At point B, the beam 
would start to buckle and introduce negative stiffness property into a damper due to the 
negative slope of BC curve. The system contains two stable points, B and C, and is thus 
called a bi-stable system. However, a special bi-stable element which can work reliably 
after buckling is difficult to manufacture. Although Kashdan et al. (2012) used selective 
laser sintering (SLS) technology to fabricate the bi-stable element and succeeded in 




Figure 2.2 Force-displacement relation at the center of a pre-buckled beam in the 




2.2.2 Negative stiffness by a sliding pendulum with a convex friction interface   
Figure 2.3 illustrates how a pendulum sliding on a convex friction surface generates 
negative stiffness when a negative friction pendulum sliding (NFPS) approach is used 
(Iemura et al. 2009). As shown in Figure 2.3, the half sphere support is fixed to the shaking 
table. When the shaking table moves in the horizontal direction, the girder and the 
pendulum would slide along the interface together as one part. The free body diagram of 
the pendulum in NFPS is shown in Figure 2.4. The equilibrium equation of the pendulum 
in the tangential direction can be expressed as: 
  𝐹 =  𝐹𝐼  +  𝐹𝑓 − 𝑊𝑠𝑖𝑛𝜃 (2.1) 
where 𝐹𝐼 is the inertia force, 𝐹𝑓 is the friction damper force, 𝜃 is the angle representing the 
position of the pendulum and W is the girder self-weight. By substituting the relation 𝑆 =
 𝜃 ∙ 𝑅 into the dynamic equation, where 𝑅 is the radius of the interface, and assume 𝜃 is 
relatively small, Equation (2.1) can be rearranged as: 
  





Consequently, the stiffness of the pendulum is −𝑊/𝑅 , which is negative. Nevertheless, 
NFPS is hardly used as a countermeasure against cable oscillation in practice since it is 
constrained to mitigate vibrations in the horizontal direction due to its required setup 
orientation, whereas the oscillation direction of a stay cable is typically perpendicular to 






Figure 2.3 Setup of a NFPS (after Iemeru et al., 2009) 
 
 





2.2.3 Magnetic negative stiffness damper 
Shi and Zhu (2017) fabricated a magnetic negative stiffness damper (MNSD), as 
shown in Figure 2.5. The MNSD has three magnets, of which the two static magnets are 
fixed, and the moving magnet is allowed to move under the attraction of the other two. If 
the moving magnet starts to move away from the equilibrium point, the static magnet would 
accelerate the motion of the moving one. Then, an equivalent negative stiffness can be 
generated. However, this type of damper has a few drawbacks, with the first being its 
nonlinearity. The MNSD shows a nonlinear behavior, of which the magnetic force and the 
distance between the static and the moving magnets have a parabolic relation. The biggest 
drawback of a MNSD is its maximum achievable negative stiffness. On one hand, the 
magnitude of the magnetic force depends on the magnetic flux density, which relates to the 
geometric size of the magnet. On the other hand, increasing the geometric size of a magnet 
would lead to a larger distribution area of the magnetic flux and thus reduce the magnetic 
force. Therefore, increase magnetic force by using larger magnet is not effective and the 
maximum achievable negative stiffness is thus limited (Shi and Zhu, 2017). The maximum 
negative stiffness obtained in a MNSD by Shi and Zhu (2017) was 10 kN/m, which was 
only 2.5% of the practical value (Javanbakht et al, 2018). In other words, it is not practical 






Figure 2.5 Sketch of MNSD (after Shi and Zhu et al., 2017) 
 
2.2.4 Negative stiffness by pre-compressed horizontal springs 
Using a pair of horizontal pre-compressed springs to generate negative damper 
stiffness is one of the most promising design philosophies to achieve high level of negative 
stiffness for a damper. Figure 2.6 demonstrates how a pair of pre-compressed horizontal 
springs could generate negative stiffness and how large the vertical resultant force can be 






Figure 2.6 Mechanism of NSD formed by pre-compressed horizontal springs (Zhou and 
Li, 2015) 
 
When a connector which connects two horizontal compressed springs is in the 
equilibrium state, i.e.  𝑢 = 0, the vertical component of the spring forces is 0. When the 
connector moves along the vertical direction by u, the length of the horizontal compressed 
springs is elongated to √𝐿1
2 + 𝑢2, where 𝐿1 is the length of the compressed spring at the 
horizontal position, 𝑢  is the vertical displacement of the connector. According to the 







2 + 𝑢2) 𝑘𝑠𝑝𝑟𝑖𝑛𝑔]
 
(2.3) 
where 𝑘𝑠𝑝𝑟𝑖𝑛𝑔 is the spring stiffness, 𝐿0 is the original length of the spring, and 𝐹𝑁𝑆𝐷 is the 
summation of the vertical component of the elastic forces generated by the two horizontal 









− 1) 𝑢 
(2.4) 
when 𝐿1 >> 𝑢, the relation between the damper piston displacement and the spring force 
due to negative stiffness could be considered as linear. The equation can be simplified as:  
  





Figure 2.7 shows a sample NSD with its negative damper stiffness generated by a 
pair of pre-compressed springs. This type of NSD has many advantages. First of all, it is 
easy to manufacture a spring with required stiffness to be used in NSD. Secondly, this type 
of NSD can work not only vertically, but also in the inclined orientation. Thirdly, an NSD 
formed by this technique can be considered to have a linear behavior and thus reduce the 
design difficulty. Finally, the amount of the generated negative stiffness depends on the 
stiffness of the springs. High spring stiffness could be achieved by increasing the spring 
size. Besides, adding more pairs of horizontal springs can drastically increase the amount 
of generated negative stiffness. For instance, assume all springs have the same stiffness of  
𝑘𝑠𝑝𝑟𝑖𝑛𝑔 and the same original length of 𝐿0, the negative stiffness generated by two pairs of 
such springs would be 𝑘𝑁𝑆𝐷 = −4𝑘𝑠𝑝𝑟𝑖𝑛𝑔(𝐿0/𝐿1 − 1). The ratio of 𝐿0 to 𝐿1 can also be 
adjusted to change the generated negative stiffness. The stiffness of a spring is determined 
by 𝑘𝑠𝑝𝑟𝑖𝑛𝑔 = 𝐶𝑘𝐿0 , where 𝐶𝑘  is a constant depending on the cross-sectional area, the 
diameter, and the material of the spring wire. Therefore, if the original spring length 𝐿0 is 
extended to 𝑎𝐿0 (𝑎 > 1) , then 𝑘𝑠𝑝𝑟𝑖𝑛𝑔  will be reduced to 𝑘𝑠𝑝𝑟𝑖𝑛𝑔/𝑎  so that 𝑘𝑁𝑆𝐷 =




is promising to produce more negative stiffness. However, it would increase the risk of 
instability of springs when under compression. Another method is to increase the amount 
of pre-compression in the springs, but the reduction of 𝐿1 would enhance the nonlinearity 
of the system (Zhou and Li, 2015). Overall, an NSD formed by horizontal pre-compressed 
springs is considered as the most practical design. 
 
 
Figure 2.7 A practical NSD formed by pre-compressed springs 
 
2.3 Behavior of passive negative stiffness dampers 
In literature, many studies evaluated the performance of a NSD by numerical 
simulations and analytical approaches, but very few experimental studies have been 




scheme LQR. Results indicated that the vibration controlling effect of a NSD with 
−0.9𝑇/𝑎 and a LQR with 𝑅 = 10−6 is almost the same, where 𝑇 is the tension in the cable, 
𝑎  is the distance between the damper location and the nearest cable end, and 𝑅  is a 
dimensionless parameter which represents the energy consumption by the active device. It 
was also pointed out that while the approximate instability threshold of an NSD was 
−0.9𝑇/𝑎,  𝑅 = 10−6 , which represented a large amount of energy consumption by the 
active device, also almost reached the extreme condition of a LQR. It is worth to note that 
although the passive NSD and the active control scheme can reach the same high-level of 
damping performance, each of them has its own drawbacks. According to the numerical 
simulation results, the installation of an NSD would amplify the cable response near the 
damper installation location and also lower the cable natural frequency; whereas the active 
controller can slightly increase the cable natural frequency (Shi et al., 2017a). On the other 
hand, the active controller needs response feedback and an actuator system and thus 
consumes a large amount of power; whereas no additional power is required by the passive 
NSD which leads to less operational and maintenance cost. In a more recent study by 
Javanbakht et al. (2018), it was found that using a more flexible damper support can further 
enhance the performance of a passive NSD. Consequently, passive NSD could be a better 
choice to mitigate cable oscillation compared to active damper and passive viscous damper. 
Shi et al. (2017a) applied a MNSD (Shi and Zhu, 2015) on a cable to generate 
negative damper stiffness. The damper stiffness was set to -1900 N/m and the damping 
coefficient was 19 Ns/m. The MNSD refrained the mid-span displacement from 30 mm to 
8 mm. The research also compared the numerical simulation results with the experimental 




stiffness was -1900 N/m, -2100 N/m and -2500 N/m. In summary, the experimental results 
did not agree with the numerical simulation very well. They believed that the reason could 
be that the two cable anchorages in the experiments were not perfectly fixed. 
Shi et al. (2016) studied analytically the damping ratio of a cable equipped with a 
NSD without considering the effects of cable bending stiffness and sag. It was found that 
the asymptotic solution would lose its accuracy when damper stiffness is less than 
−0.4𝑇/𝑎 , where 𝑇  is the cable tension, and 𝑎  is the distance between the damper 
installation location and the nearest cable end. When damper stiffness decreased to be less 
than −0.6𝑇/𝑎, the difference between the asymptotic and the accurate solutions is too large 
to be neglected. An asymptotic solution of the maximum negative damper stiffness was 
also proposed as −𝑇/𝑎 without considering the damper support stiffness, the cable bending 
stiffness and the sag effect. Javanbakht et al. (2018) extended the analytical model of 
Fujino and Hoang (2008) by considering the damper stiffness, as well as the flexural 
rigidity and the sag effect of the cable. The limit of the maximum achievable negative 
stiffness without causing instability of a NSD was modified to be −1/(1/𝑘𝑠 + 𝑥𝑐𝜂𝑓/𝐻) , 
where 𝐻 is the tension in the cable, and 𝑥𝑐 is the distance from the damper location to the 
lower cable end, 𝑘𝑠 is the damper support stiffness and 𝜂𝑓 is the modification parameter 
due to cable flexural rigidity. If the damper support stiffness is assumed to be infinite, of 
which 𝜂𝑓  would become 1 and also neglect the cable flexural rigidity, the limit of the 
maximum achievable negative damper stiffness derived by Javanbakht et al. (2018) would 
be reduced to −𝐻/𝑥𝑐, which agrees with that by Shi et al. (2016). The modified equation 




presence of damper stiffness may narrow the range of allowable negative stiffness in NSD. 
However, considering cable bending stiffness may allow designer to use more negative 
stiffness in a damper. 
 Based on the above literature review, the controlling effect of a passive NSD is 
comparable with that of a semi-active or active damper (Shi et al., 2017a). Passive NSD 
consisting of a viscous damper and pre-compressed horizontal springs seems to be more 
suitable for practical application. First of all, such kind of NSD can behave linearly under 
high negative stiffness condition. Secondly, the springs can be customized as required. 
Thirdly, the maximum achievable damping ratio is large compared with traditional viscous 
damper. Zhou and Li (2015) proved that the passive NSD-cable system had a damping 
ratio which was about twice as large as the original friction damper-cable system. In the 
analytical study by Javanbakht et al. (2018), a more flexible damper support was found to 
improve the performance of a NSD. However, to the knowledge of the author, the effect of 
flexible damper support and boundary condition on the performance of a NSD has not been 
evaluated experimentally. In addition, only a few experiments have been conducted to 
investigate the performance of NSD. In the current study, physical experiments will be 
conducted to verify the formula proposed by Javanbakht et al. (2018) for predicting the 
damping ratio of a NSD with and without a flexible damper support. In addition, numerical 
simulations will be carried out not only to verify the analytical and experimental results, 
but also to more extensively evaluate the effects of various system parameters on the 





Chapter 3 Experimental Study   
 
 In order to experimentally study the performance of a NSD in cable vibration 
control, the NSD design and the dynamic response test of a cable-NSD system will be 
presented in this chapter. The design and calibration of NSD will be described first. Then, 
the experimental setup for studying NSD behavior and evaluating its performance will be 
illustrated. Subsequently, all the instruments used in the current study will be introduced. 
The testing procedures and the experimental results will be presented in the last part of the 
chapter.  
 
3.1 Negative stiffness damper design and calibration 
3.1.1 Negative stiffness damper design 
A compressed spring kit was designed to generate negative damper stiffness in a 
viscous damper, as shown in Figure 3.1. The components of this kit include a steel 
supporting frame, four plastic hinges, a plastic connector, and two springs. The steel frame 
was placed on the top of the plastic base as a supporting frame for hinges and springs. The 
four plastic hinges were screwed into the arms of the supporting frame, springs, and 
connector. The springs (model No. 9657K405) were supplied by McMaster-Carr Supply 
Company. They have a length of 50.8 mm and a stiffness of 8581 N/m. The springs were 






Figure 3.1 The negative stiffness damper 
 
As discussed in Section 2.2.4, the pre-compressed springs can be used to generate 
negative stiffness for a damper. Using Eq. (2.5), the equivalent negative stiffness can be 
derived for further analysis.  
However, the model shown in Figure 2.6 and used to derive Eq. (2.5) neglects many 
details in a real NSD and is thus too ideal to use in practice. In order to increase the accuracy 






Figure 3.2 Refined NSD model 
  
 As portrayed in Figure 3.2, the size of the spring supports, i.e. the aluminum end 
and the hinge, should be considered in the damper stiffness analysis. The modified 
equilibrium equation can be expressed as: 
  
𝐹𝑁𝑆𝐷  =  −𝑘𝑠𝑝𝑟𝑖𝑛𝑔 [ 𝐿0 − ( √(𝐿1 + 2𝑡)2 + 𝑢2 − 2𝑡 ) ]
𝑢
√(𝐿1 + 2𝑡)2 + 𝑢2
 
(3.1) 
where 𝐹𝑁𝑆𝐷  is the vertical component of the force generated by the horizontal springs, 
𝑘𝑠𝑝𝑟𝑖𝑛𝑔  is the spring stiffness, 𝑡 is the distance between the end of the pre-compressed 
spring and the center of the hinge, 𝑢 is the displacement of the connector, 𝐿1 is the length 






𝐹𝑁𝑆𝐷 = −2𝑘𝑠𝑝𝑟𝑖𝑛𝑔  (
𝐿0 + 2𝑡
√(𝐿1 + 2𝑡)2 + 𝑢2
− 1)  𝑢 
(3.2) 
when (𝐿1 + 2𝑡) >> 𝑢, the relation between the connector displacement and the spring force 
due to negative stiffness can be considered as linear. Hence, Eq. (3.2) can be simplified as: 
  
𝐹𝑁𝑆𝐷 ≈ −2𝑘𝑠𝑝𝑟𝑖𝑛𝑔 (
𝐿0 + 2𝑡
𝐿1 + 2𝑡
− 1) 𝑢 
(3.3a) 
and the damper stiffness of the designed NSD can be calculated by:  
  





 Since part of the spring was embedded into the aluminum ends, the spring stiffness 
would not be the same as that provided by the supplier. The actual spring stiffness, 𝑘𝑠𝑝𝑟𝑖𝑛𝑔, 
and the value of 𝑡 were measured for the pre-compressed springs. For spring #1, its actual 
spring stiffness is 9497 N/m, and 2t is 70.1 mm. For spring #2, its actual spring stiffness is 
9681 N/m, and 2t is 68.2 mm. 
The bottom of the damping fluid container has 6 holes to fit springs for simulating 
damper support stiffness. In the current study, six springs were placed under the damper 
container base to support the container, as shown in Figure 3.3. The properties of the 
springs used to either generate negative damper stiffness or to simulate damper support 






















1 9600 45.5 42.0 -598 — 
2 9600 45.5 39.7 -1017 — 
3 5181 — — — 31.09 











3.1.2 Damper calibration 
 
 
Figure 3.4 Setup for NSD calibration 
 
The designed NSD is calibrated by a tensile testing machine (model No. C43-504). 
The setup is shown in Figure 3.4. The tensile testing machine applied a sinusoidal 
displacement to the damper piston through a mechanical arm. The time histories of the 
damper piston displacement and the NSD reaction force were recorded. The sampling 
frequency was set at 100 Hz. A Butterworth Filter was designed in Matlab as a band-pass 
filter with the band being (𝑓𝑒𝑥𝑐𝑖𝑡𝑎𝑡𝑖𝑜𝑛 − 0.5 )  Hz to (𝑓𝑒𝑥𝑐𝑖𝑡𝑎𝑡𝑖𝑜𝑛 + 0.5 )  Hz. It was 
employed to filter all the time history data. According to the dynamic equilibrium equation 




  {𝐹} = 𝑘{𝑢} + 𝑐{?̇?} + 𝑠𝑔𝑛(?̇?)𝑓𝑟𝐼  (3.4) 
where {𝐹} is the damper force time history, {𝑢} is the displacement time history of the 
damper piston, {?̇?} is the corresponding velocity time history which is derived from {𝑢} 
using the central difference method, 𝑐 is the damping coefficient of the NSD, and 𝑘 is the 
stiffness of the NSD, 𝑓𝑟 is the magnitude of the friction, 𝑠𝑔𝑛(?̇?) is the sign function used 
to indicate the direction of the friction, and 𝐼 is the identity vector, which has the same size 
as {𝐹}, {𝑢}, and {?̇?}. In Eq. (3.4), a parameter of the magnitude of the friction, denoted by 
𝑓𝑟, is introduced due to the use of the aluminum cylinder, as shown in Figure 3.5. It was 
added to the middle of the spring to ensure the stability of the springs, as shown in Figure 
3.5. The piston was used to accommodate the varying length of the spring during vibration. 
In other words, a minor friction will be generated due to the movement of the piston sliding 
in the cylinder bore.  
 
 




The damping coefficient of the current viscous damper, 𝑐 = 32.3 N∙s/m is obtained 
by a calibration of damper without the compressed spring kit. It is almost the same as the 
previous calibration by Fournier (2012), of which 𝑐 = 32.2 N∙s/m. To determine the 
damper stiffness 𝑘 , the data points at ?̇? = 0 are used, of which the magnitude of the 
displacement is the maximum (at positive or negative direction). Meanwhile, 𝑠𝑔𝑛(?̇?) = 0 
due to zero velocity at these instants. Thus, Eq. (3.4) can be reduced as: 
 {𝐹} = 𝑘{𝑢} 
(3.5) 
Equation (3.5) can be used to obtain the values of 𝑘 of the NSD. Similarly, the friction 𝑓𝑟 
can be found using the data at 𝑢 = 0.  
Two sets of independent tests were conducted to calibrate the NSD. The first set of 
tests was designed to eliminate the effect of inertial force in the calibration. The energy 
from the inertial force could be viewed as the source of negative stiffness in the damper 
calibration due to the non-negligible mass of the mechanical arm and the movable parts in 
the NSD when a harmonic load was applied. Since the applied displacement was 𝑢 =
𝑢0 sin(𝜔𝑡 + 𝜑) in the damper calibration, the inertial force could be expressed as 𝑚?̈? =
−𝑢0𝑚𝜔
2 sin(𝜔𝑡 + 𝜑) = −𝑚𝜔2𝑢, where 𝑚 is the equivalent mass of the tensile testing 
machine mechanical arm and the movable parts in the NSD. Therefore, the negative 
stiffness obtained from the experiments, denoted by 𝑘𝑑,𝑒𝑥𝑝., can be rearranged as: 
  𝑘𝑑,𝑒𝑥𝑝. = 𝑘𝑑 − 𝑚𝜔
2 
(3.6) 




In the first set of tests, the frequency of the applied displacement is an independent 
variable. The damper stiffness is a dependent variable. According to Eq. (3.6), the first set 
of testing results can be used to estimate 𝑚 and 𝑘𝑑 by applying curve fitting. Moreover, 
the parameter 𝑚 can also be utilized to correct the damper stiffness of other NSD calibrated 
using this tensile testing machine. The frequency of the applied displacement was set to 
increase from 0.8 Hz to 1.7 Hz with an increment of 0.1 Hz. The lengths of the horizontal 
springs were fixed as 38.3 mm and 39.2 mm for spring #1 and spring #2, respectively. A 
sample hysteresis loop of the tested NSD is shown in Figure 3.6. Based on Equation (3.5) 
and Equation (3.6), the analytical hysteresis loop is also given in Figure 3.6 for comparison. 
 
  
Figure 3.6 Hysteresis loop of the NSD when the frequency of the applied harmonic 





 By applying curve fitting to the relation between the excitation frequency and the 
measured damper stiffness data in Matlab based on Eq. (3.6), the 𝑅2 of goodness of fit, 
0.9959, was determined as the coefficient of determination for the model. It confirmed the 
assumption that the mass of the machine was a source of the negative stiffness of the 
damper in calibration. The equivalent mass was estimated to be 4.2916 kg, and the negative 
stiffness of the damper was -1017 N/m, which agreed reasonably well with the theoretical 
prediction of -1151 N/m according to Eq. (3.3b). 
For the second set of tests, the independent variable is the compressed length of the 
horizontal springs, whereas the dependent variable is the measured damper stiffness since 
the damper stiffness should be a function of the pre-compressed length of the spring as 
shown in Eq. (3.3b). The tests were conducted to evaluate the damper stiffness loss due to 
the instability of the horizontal springs, which was not considered in the derivation of Eq. 
(3.3b). 
 By compressing the springs of the NSD, the negative stiffness would be greater due 
to the reduction of the pre-compressed length 𝐿1, as can be seen form Eq. (3.3b). On the 
other hand, the damper stiffness loss was expected to be more significant due to the 
instability of the horizontal springs. According to the experimental results, the relative error 
would increase with stronger negative damper stiffness. The error could be introduced by 
spring instability due to high compression, and also the measurement error of the spring 
length. As discussed earlier, an aluminum cylinder and piston were added to the middle of 
the spring to ensure its stability, as shown in Figure 3.5. The piston was used to 




the negative damper stiffness would still occur due to the friction caused by the movement 
of the piston sliding in the cylinder bore. The relative error was defined as 𝑒 =
|(𝑘𝑑,𝑡ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙 − 𝑘𝑑)/𝑘𝑑,𝑡ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙|, where 𝑘𝑑,𝑡ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙  is the theoretical prediction of 
the damper stiffness calculated by Eq. (3.3b), and 𝑘𝑑 is the actual damper stiffness. The 
variation of 𝑒 with respect to 𝑘𝑑,𝑡ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙 is shown in Figure 3.7, which suggests the real 
damper stiffness should be estimated by considering the effect of the relative error on 
𝑘𝑑,𝑡ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙 if the designed negative damper stiffness is relatively large. 
 
 
Figure 3.7 The relative error against the theoretical negative damper stiffness 
 
3.2 Experimental setup 
 Based on a previous study by Fournier (2012), a cable-damper system setup, as 
shown in Figure 3.8, was designed to satisfy the requirements of the current study, 




mounted horizontally between two rigid columns with a fixed-fixed boundary condition to 
simulate the oscillation of bridge stay cables. For free vibration tests, the first modal 
frequency and the modal damping ratio of an undamped cable were measured. For forced 




(a) Schematic of the experimental setup 
 
(b) Experimental setup 





 The cable used in the current study is a galvanized steel wire. It has a length of 
8.366 m, a diameter of 4.65 mm, and a unit mass of 0.088 kg/m. Four sample steel wires, 
all with a length of 304 mm, were tested in order to obtain the equivalent Young’s modulus 
used in further numerical analysis. Figure 3.9 shows the setup for measuring the equivalent 
Young’s modulus of the tested cable by a tensile testing machine (model No. C43-504). 
By gradually increasing the tensile load applied to the steel wire sample and recording the 
corresponding axial deformation, the stress-strain relation of the sample can be obtained, 
based on which the equivalent Young’s modulus can be computed. Figure 3.10 shows the 
testing results, of which an approximate linear stress-strain relationship can be observed 
when the stress is less than 0.07 GPa. The equivalent Young’s modulus of the four steel 
wire samples was determined as 32 GPa. 
As suggested by Huang (2011), the pretension of the cable should be set between 
2500N to 4000N, with the lower bound of the pretension to prevent significant sag and the 
upper bound to avoid out-of-plane motion of the cable during vibration. The tension of the 
cable was set at 2500 N in the current study. The fundamental frequency of the tested cable 
was derived as 10.1 Hz by the taut cable theory. It is much higher than the fundamental 
frequency of real stay cables. To decrease the fundamental frequency of the testing cable 
and make it closer to that of the real cable, twelve 100 g mass blocks were mounted on the 
cable model with a spacing of 761 mm, which gives an equivalent unit cable mass of 0.21 
kg/m. According to the frequency equation of a taut cable (Pacheco et al., 1993), 𝑓1 =














Figure 3.10 Stress-strain relation of cable samples 
 
Load cell 
 As shown in Figure 3.11, a universal flat load cell FL25U-2SG was mounted on 
one end of the cable to measure its tension. The capacity of the load cell is 25,000 lbs. The 
accuracy of the load cell is ±0.3% of the applied load. It was calibrated in a tensile testing 
machine. A compressive force was applied on it with an increment of 0.5 kN. Figure 3.12 
depicts the relationship between the measured voltage and the applied load. Results show 
that the relationship between the two is linear, and can be described by 𝐹 = 5.5161(𝑉 −
𝐵), where 𝐹 is the applied load, 𝑉 is the output voltage of the load cell and 𝐵 is the initial 






Figure 3.11 Load cell setup 
 
 




Data acquisition system 
 A data acquisition system, AstraDAQ Xe, was used to collect the output voltage 
data from the load cell and the accelerometers, as shown in Figure 3.13. Channels 3 was 
connected to the two accelerometers to capture acceleration data of the testing cable, 
whereas Channel 4 was connected to the load cell to collect the tension of the cable. The 
voltage data collected by the load cell and the accelerometers were then converted 
respectively into the cable tension and acceleration data. All data were recorded with a 
sampling frequency of 1000 Hz.  
 
 






 The model number of the accelerometer is 352A24. It is manufactured by the PCB 
Group, Inc. The sensitivity of the accelerometer is 9.95 mV/m2. The accelerometer has a 
measuring range of ± 490 m/s2, a testing frequency range of 1 to 8000 Hz, and a broadband 
resolution of 0.002 m/s2. In the current study, the accelerometer was mounted on the top 
surface of the cable at the mid-span to record the vertical acceleration of the cable motion. 
 
Hydraulic pump 
 As Figure 3.14 shows, a jack of hydraulic pump was attached to the right end of the 
cable to provide tension. The hydraulic hand pump, model No. P462, is manufactured by 
Enerpac Ltd. It has a maximum operating pressure of 700 bar. A tension of 2.5 kN was 
applied to the cable by the pump. The cable tension needs to be calibrated by the load cell 
before each test.  
 
 




Electronic smart shaker 
 A smart shaker by Dalimar Instruments, as shown in Figure 3.15, was employed to 
create a sinusoidal force at 5% of the cable length from the left end. The shaker (model No. 
K2007E01) has a working frequency range of 1-9000 Hz. In each test, the shaker should 
be placed properly in order to generate pure in-plane motion. 
 
 
Figure 3.15 Electronic smart shaker 
 
Signal generator 
 A signal generator (model No. 33120A) manufactured by HP Company, as shown 




signal with frequency up to 15 MHz. In the current experimental study, the signal generator 
was used to generate sinusoidal signals with a frequency between 4 to10 Hz. The signal 




Figure 3.16 Signal generator 
 
Linear viscous damper 
 Figure 3.1 shows the NSD designed and used in the current study. A conventional 
zero stiffness viscous damper designed by Huang (2011) and improved by Fournier (2012), 




conventional viscous damper consists of damping fluid, a plastic container, a piston, an 
acrylic block, a plastic base, and screws. 
 The viscous damping fluid is Synfluid PAO 100 supplied by Commonwealth Oil. 
It has a viscosity of 1250 cSt at 40 ℃. The plastic container has an internal diameter of 100 
mm. It is used to hold the viscous liquid. The damper piston is used to connect the cable 
and the acrylic block. The geometric size of the acrylic block is 48 x 48 x 39 mm.    
 
3.3 Cable test and data processing procedures 
3.3.1 Free vibration test of a single undamped cable 
 The free vibration test was conducted to measure the inherent cable damping ratio. 
The testing procedures are: 
1. The cable was pre-tensioned to 2500 N using a hand hydraulic pump. The 
AstroLINK Xe software was set in the Real-time mode to calibrate the tension 
of the cable.  
2. An accelerometer was mounted on the top surface of the cable at the mid-span. 
3. The accelerometer was connected to Channel 3 of the data acquisition system. 
The AstroLINK Xe software was prepared to capture the acceleration time-
history data with a sampling frequency of 1000 Hz. 
4. A heavy mass was attached to the mid-span of the cable by a fishing wire. 




6. The in-plane acceleration data of the cable was captured by the data acquisition 
system. 
7. A power spectrum analysis was conducted for the acceleration data to find the 
first modal frequency 𝑓1 of the cable. 
8. To extract the cable first modal response, a band-pass Butterworth Filter with a 
band-pass frequency range of  (𝑓1 − 0.5) Hz  to (𝑓1 + 0.5) Hz was applied to 
the acceleration time history, as depicted in Figure 3.17. 
9. The acceleration time history was converted to the frequency domain data using 
the FFT (Fast Fourier Transform) function in Matlab for further analysis. 
10. The frequency domain analysis was conducted according to 𝐷 =  𝑎/(−𝜔2), 
where 𝑎(𝑓)  is the acceleration frequency domain data, 𝐷(𝑓)  is the 
displacement frequency domain data (Huang, 2011). The displacement 
frequency domain data can be converted to the corresponding time domain data 
by IFFT (Inverse Fast Fourier Transform) function in Matlab. 
11. The displacement time history was portrayed for further analysis as shown in 
Figure 3.18. 
12. According to the logarithmic decrement method (Chopra, 2012), the 
logarithmic decrement 𝛿1 associated with the cable first modal displacement 























where 𝑢(𝑡) is the amplitude of cable displacement at the mid-span at time 𝑡, 𝑢(𝑡 + 𝑛𝑇1) is 
the amplitude of cable displacement at the mid-span after 𝑛 cycles, 𝑇1 = 1/𝑓1 is the first 
modal period of cable vibration, and 𝑓1 is the cable first modal frequency. In this case, 
𝑢(0) = 0.884  cm is the first peak of the displacement time history, and 𝑢(33𝑇) =
0.474 cm is the peak after 33 cycles. The inherent cable damping ratio associated with the 
first mode is determined to be 0.3%. 
 
 






Figure 3.18 First modal displacement time history of the undamped cable 
 
3.3.2 Forced vibration test of a single damped cable 
 Forced vibration tests were carried out to evaluate the performance of ZSD and 
NSD in mitigating cable vibrations. The testing procedures are presented below: 
1. Setup cable, accelerometer, and data acquisition system as steps 1-3 of the free 
vibration test. 
2. The fundamental frequency of the cable was estimated by observing the 
amplitude of the cable transverse motion under a sinusoidal excitation of the 
gradually changed frequency generated by the shaker. When the highest 
amplitude at the mid-span of the cable was observed, the corresponding 
excitation frequency was recorded and used as the estimation of the first modal 
frequency of the cable.  
3. The transverse acceleration data of the cable under varying excitation 




excitation frequency was (𝑓1 − 0.7 ) Hz to (𝑓1 + 0.7 ) Hz. In the range of 
frequency around the fundamental frequency of the cable, (𝑓1 − 0.3) Hz to 
(𝑓1 + 0.3) Hz, the increment of the excitation frequency was taken as 0.05 Hz. 
For others, the excitation frequency increment was adjusted to 0.1 Hz. 
4. A band-pass Butterworth Filter which has a band-pass frequency range of  
(𝑓𝑒𝑥𝑐𝑖𝑡𝑎𝑡𝑖𝑜𝑛 − 0.5)  Hz to (𝑓𝑒𝑥𝑐𝑖𝑡𝑎𝑡𝑖𝑜𝑛 + 0.5)  Hz was used to capture the 
acceleration time-history of the cable first modal vibration. 
5. The acceleration time history was converted to the displacement time history as 
steps 9 and 10 of the free vibration test. 
6. The frequency-response curve was plotted for further analysis. 
7. The damping ratio of the damped cable was derived using the half-power 
method (Paz and Leigh, 2004). If 𝑅1 and 𝑅2 are the frequencies corresponding 
to the amplitude 𝐷𝑚/√2 , where 𝐷𝑚  is the maximum amplitude in the 
frequency-response curve, as shown in Figure 3.20, the damping ratio of the 







 A sample calculation to determine the fundamental frequency and modal damping 
ratio of the studied cable when equipped with a NSD is shown below. In the experiment, a 
NSD of a damper stiffness of -1017 N/m, a damper support stiffness of 31086 N/m and a 
damping coefficient of 32.3 N-s/m was attached to the cable at 5% of the cable length from 
one end. The sample displacement time-history at the excitation frequency of 6.35 Hz is 




amplitude of the cable at this excitation frequency in the frequency-response curve. Figure 




Figure 3.19 Sample displacement time history at excitation frequency of 6.35 Hz 
 
 
Figure 3.20 Frequency-response curve of a cable-NSD system (damper location of 5%L, 




 A sample calculation for the damping ratio of the cable-NSD system based on the 
frequency-response curve in Figure 3.20 is illustrated below. 
1. The peak amplitude of the displacement on the frequency-response curve is 






= 1.51 𝑐𝑚 
2. The corresponding frequencies are: 
 𝑅1 = 6.163 𝐻𝑧 
 𝑅2 = 6.508 𝐻𝑧 










4. The first modal frequency of the cable-NSD system is the frequency 
corresponding to the peak amplitude of the frequency-response curve. It is 
6.34 Hz in Figure 3.20.  
 
3.4 Experimental results 
Table 3.1 summarizes the values of damper stiffness and damper support stiffness 
used in the current experimental study. The damper was installed at 5% of the cable length 




was evaluated under three different levels of damper stiffness (0, -598 N/m, -1017 N/m) 
and three different levels of damper support stiffness (31.09 kN/m, 86.16 kN/m, rigid), the 
combinations of which yielded nine cases. The experimental results are presented in Table 
3.2. For comparison, the analytical predictions of the first modal damping ratio based on 
the study of Javanbakht et al. (2018) are also given in the same table. In the analytical 
analysis, the inherent damping of the cable 0.3% was included. Based on the system 
parameter, the non-dimensional cable sag parameter is determined to be  𝜆2 =
(𝑚𝑔𝐿/𝐻)2𝐸𝐴𝐿/(𝐻𝐿𝑒) = 0.0103, where 𝑚 = 0.21 kg/m is the cable unit mass, 𝑔 = 9.81 
m/s2 is the gravitational acceleration, 𝐿 = 8.366 m is the cable length, 𝐻 = 2500 N is the 




 is the cable stretched length (Irvine 
1981), 𝐸𝐴 = 5.43 × 10−5 N is the cable axial stiffness; and the non-dimensional cable 
bending stiffness is = 𝐸𝐼/(𝐻𝐿2) = 4.2 × 10−6, where 𝐸𝐼 = 0.734 N ∙ m2  is the cable 
bending stiffness. 
 
 Table 3.2 Summary of the experimental and analytical results 
 
Damper stiffness (N/m) 0 -598 -1017 
Damper support stiffness 
(N/m) 





Experimental 1.38 1.50 1.52 2.35 1.95 1.67 2.72 2.30 2.02 
Javanbakht 
et al. (2018) 




It can be seen from Table 3.2 that the effect of damper stiffness and damper support 
stiffness on the first modal damping ratio of the studied cable-NSD system obtained from 
these two different approaches show the same pattern, i.e. mounting a NSD on a more 
flexible support and/or using a NSD with stronger negative damper stiffness would 
enhance dissipation of system energy; whereas in the case of zero-stiffness damper (ZSD), 
choosing a more rigid support would be beneficial for achieving higher damping ratio. 
These are consistent with the findings by Javanbakht et al. (2018) for NSD and Fournier 
and Cheng (2014) for ZSD. 
The phenomenon that a NSD with stronger negative damper stiffness would 
increase the first modal damping ratio of a cable-NSD system has been reported in 
numerous existing studies (Zhou and Li, 2015; Javanbakht et al., 2018; Javanbakht et al., 
2019). This is caused by increased resultant damping force when a stronger negative 
damper stiffness force is introduced. This would result in an amplification of displacement 
at the damper location. Since the damper performance depends on the level of vibration at 
the damper location (Chopra, 2012), the damper performance would thus be improved. 
The analytical study by Javanbakht et al. (2018) found that a more flexible damper 
support could improve the NSD efficiency, but it has not been verified by any physical 
experiment. The current experimental results confirm the positive effect of a more flexible 
damper support on the performance of NSD. 
As shown in Table 3.2, between the two approaches, the analytical model gives a 
lower prediction on the system modal damping ratio. In the analytical approach, a parabolic 




the system damping ratio (Javanbakht et al., 2018). In addition, during the experimental 
test of the flexible support cases, it was observed that due to cable vibration, the repeated 
up and down motion of the damper piston in the damping fluid caused the slosh of the 
liquid and subsequently excited the damper container. Since the damper container was 
mounted on a set of six springs, the flexible supporting condition could not constrain the 
motion of the container and the damping fluid. Therefore, more system energy was 
dissipated through this part of motion, which was reflected as higher damping ratio of the 
system. The inertial effect became more sizeable when the support is less rigid. It is worth 
to point out that the inertial effect of the damping fluid and the damper container has not 





Chapter 4 Numerical Simulation 
 
4.1 Finite element model 
In this chapter, a 2D finite element model is developed using the commercial 
software ABAQUS 2016 for the cable-NSD system investigated in the experimental study. 
A parametric study is conducted using the validated finite element model. Empirical 
equations for predicting the optimum damping coefficient of a NSD and the corresponding 
damping ratio of a cable-NSD system are developed based on the parametric study results 
to facilitate NSD design.  
 
 
Figure 4.1 Finite element model of a cable-NSD system 
 
Cable 
 The finite element model of a cable-NSD system is shown in Figure 4.1. The 
horizontal cable was modeled using B21 beam element shown in Figure 4.2. This 2-node 
linear beam element is a Timoshenko beam element, which allows for transverse shear 
deformation. Therefore, it can provide a more accurate simulation for higher cable mode 




to simulate frames which are subjected to large axial strains. This element type has two 
translational and one rotational degrees-of-freedom at each node.  
The cable length is 8.366 m. The cable tension was applied by introducing initial 
axial stress 𝜎 = 𝑇/𝐴, where 𝑇 = 2500 N is the cable tension, and 𝐴 = 1.698 × 10−5 m2 
is the cable cross-sectional area. The cable was fixed at both ends. 
 
 
Figure 4.2 B21 beam element 
 
NSD 
 The finite element model of the NSD and its support is illustrated in Figure 4.3. As 
shown in the figure, the NSD itself was modeled using the Dashpot2 element and the axial 
connector was placed in parallel to connect the cable to a point mass. The point mass which 
has a negligible mass was employed to simulate the damper support. The Dashpot2 element 
is a 2-node element with an axial degree of freedom, as illustrated in Figure 4.4. The 
damping property is described by a damping coefficient with a unit of “N∙s/m”. The axial 




of freedom. It could work like a spring2 element but can be assigned a negative stiffness 
with a unit of “N/m”. 
 
 











Figure 4.5 Axial connector 
 
A Spring2 element was used to simulate the damper support stiffness, as shown in 
Figure 4.6. This 2-node spring element has an axial degree of freedom. It connects the 
damper support to another point mass which represents the ground. The point mass has a 
negligible mass property. The unit of the support stiffness is “N/m”. 
 
 
Figure 4.6 Spring2 element 
 
Boundary conditions 
 The damper support is constrained for rotation and horizontal motion, but can move 








 A sensitivity analysis was performed to select the optimum number of elements for 
the cable in the current numerical model. Modal analysis of the cable-damper system was 
conducted, of which the number of B21 beam elements varied from 50 to 500. The 
variation of the system fundamental frequency with respect to the element number is 
illustrated in Figure 4.7. 
 
 
Figure 4.7 Sensitivity analysis result 
 
 As depicted in Figure 4.7, the fundamental frequency of the cable-damper system 
converges to 6.598 Hz when the number of B21 beam elements reaches 200. The analytical 
prediction based on the taut cable assumption is 𝑓1 = 1/(2𝐿)√𝐻/𝑚 = 6.52 Hz, where 
𝐻 = 2500 N is the cable tension, 𝑚 = 0.21 kg/m is the cable unit mass, and 𝐿 = 8.366 m 




the negligible difference (0.02%) between the 200- and the 300- element cases, the number 
of elements selected for the cable in the current numerical simulation was 200. 
 
Model validation 
 A modal analysis of the cable-NSD system was carried out to verify the validity of 
the developed finite element model. The NSD had a damping coefficient 𝑐 = 32.3 N∙s/m, 
a friction damping force 𝐹𝑟 = 0.6 N, a damper support stiffness 𝑘𝑠 = 31086 N/m, and a 
damper stiffness 𝑘𝑑 = −1017 N/m. It was installed at 5%𝐿 from the right end of the cable. 
The fundamental frequency was determined to be 6.58 Hz, which had an error of 3.79% 
with that obtained from the experimental study (6.34 Hz). Figure 4.8 depicts the first mode 
shape of the cable-NSD system. 
 
 
Figure 4.8 The first mode shape of the cable-NSD system 
 
 Modal analysis of a cable-ZSD system was also conducted. The ZSD had a 
damping coefficient of 32.3 N∙s/m. The numerical simulation yielded a system 




error is 3.13%. These suggest that the developed finite element model can accurately 
predict the modal behavior of a cable-damper system. 
 
4.2 Numerical simulation 
 The simulation of free vibration of the cable-NSD system was performed. In the 
simulation, the cable was numerically excited by displacing its mid-span point vertically 
downward by 5 cm and then released in an implicit dynamic step at 5 × 10−4 second. 
Python was used to capture the data including the density of the cable material, the element 
volume, and the velocities of the nodes from the Abaqus output files. The properties of the 
cable density and the element volume were used to calculate the mass for each B21 beam 
element. A Butterworth Filter was designed in Matlab as a low-pass filter with the cut-off 
frequency being (𝑓1 + 0.5) Hz, where 𝑓1 is the fundamental frequency of the cable-NSD 
system. The Matlab code is given in Appendix A. The filter was utilized to extract the first 
modal velocity data of the damped cable. A sample velocity time history of the cable mid-






Figure 4.9 Sample velocity time history at the mid-span of the NSD-equipped cable 
 
Then, the first modal kinetic energy of the cable-NSD system at an arbitrary time 
instant 𝑡 can be derived using the following formula: 








where 𝑚𝑖  is the mass of the 𝑖
𝑡ℎ  cable element, 𝑣𝑖,𝐿,1(𝑡) and 𝑣𝑖,𝑅,1(𝑡) stand for the first 
modal velocity of the left and the right nodes of the 𝑖𝑡ℎ element at time 𝑡, respectively. A 
sample first modal kinetic energy time history is given in Figure 4.10, which can be 






Figure 4.10 Sample first modal kinetic energy time-history (Damper location at 5%L, 
c=32.3 N∙s/m, damper support stiffness = 31086 N/m, damper stiffness = -1017 N/m) 
 
The system damping was calculated using an energy-based approach proposed by 
Cheng et al. (2010). The first modal kinetic energy time-history is used to calculate the first 
modal damping ratio of the sample damped cable using the following formulas: 





















where  𝜉𝑛 is the 𝑛
𝑡ℎ modal damping ratio of the damped cable, 𝑑𝑛 is the 𝑛
𝑡ℎ modal kinetic 
energy decay ratio, 𝑆𝑖,𝑛 is the amount of the 𝑛
𝑡ℎ modal kinetic energy contained in the first 
half of the 𝑖𝑡ℎ cycle, 𝑗 denotes the number of the cycle pairs used in the calculation, 𝑡𝑖 is 
the starting time of the 𝑖𝑡ℎ cycle, and 𝑇𝑑𝑛 is the 𝑛
𝑡ℎ modal vibration period. In the current 
numerical simulation, the first half of the first 8 cycles were used to calculate the first 
modal kinetic energy decay ratio.  
 A sample calculation to derive the damping ratio of a cable-NSD system based on 
the case in Figure 4.10 is presented below. 
 
Table 4.1 The first modal kinetic energy in the first half of each cycle for the sample 
cable-NSD system (Damper location at 5%L, c=32.3 N∙s/m, damper support stiffness = 
31086 N/m, damper stiffness = -1017 N/m) 
Cycle number 
Kinetic energy contained in the first half cycle 
(J∙s) 
Cycle 1 0.0301 
Cycle 2 0.0219 
Cycle 3 0.0182 
Cycle 4 0.0151 
Cycle 5 0.0125 
Cycle 6 0.0103 
Cycle 7 0.0085 
































        = 0.1882 
 By substituting 𝑑1 into Eq. (4.2), it gives the first modal damping ratio of the cable-
NSD system, which is: 
 𝜉1 = −ln (1 − 𝑑1)/4𝜋 = −ln (1 − 0.1882)/4𝜋 = 1.66% 
 
4.3 Comparison of results  
The experimental, analytical, and numerical results are summarized in Table 4.2. 
As can be seen in Table 4.2, the predictions from the numerical and analytical approaches 
are conservative compared to the experimental results. Besides, Table 4.2 shows that the 
analytical model gives the lowest prediction on the system modal damping ratio, whereas 
the experimental results are the highest. It is worth to point out that the inertial effect, which 
is discussed in Section 3.4, of the damping fluid and the damper container has not been 
considered in the analytical and numerical models. Further, since no assumption of the 
cable static profile was made in developing the numerical model, the numerical results 




modal would provide a better prediction on the damping ratio of the cable-NSD system 
tested in the current study than the existing analytical model by Javanbakht et al. (2018). 
 





Damper stiffness (N/m) 0 -598 -1017 
Damper support stiffness 
(N/m) 





Experimental 1.38 1.50 1.52 2.35 1.95 1.67 2.72 2.30 2.02 
Numerical 1.42 1.43 1.44 1.69 1.68 1.67 1.96 1.92 1.90 
Javanbakht 
et al. (2018) 




Chapter 5 Parametric Study 
 
5.1 Introduction 
 To develop empirical formulae to facilitate NSD design, a comprehensive 
parametric study is conducted in this chapter. The finite element model of the cable-NSD 
system verified in Chapter 4 is used. Besides the damper stiffness and the damper support 
stiffness, the effect of the damper installation location, the cable sag and the cable bending 
stiffness on the performance of a cable-NSD system, are all included in the scope of the 
parametric study. The non-dimensional forms of these parameters are defined as:  
a) The damper location parameter Γ𝑑 = 𝑥𝑐/𝐿, where 𝑥𝑐 is the distance between the 
damper installation location and the near end of the cable, L is the cable length; 
b) The non-dimensional damper stiffness 𝐾𝑑 = 𝑥𝑐𝑘𝑑/𝐻, where 𝑘𝑑 is the damper 
stiffness, 𝐻 is the cable tension; 
c) The non-dimensional damper support stiffness 𝐾𝑠 = 𝑥𝑐𝑘𝑠/𝐻, where 𝑘𝑠  is the 
damper support stiffness;  
d) The non-dimensional sag parameter 𝜆2 = (𝑚𝑔𝐿𝑐𝑜𝑠𝜃/𝐻)2𝐸𝐴𝐿/(𝐻𝐿𝑒), where 




 is the cable stretched length (Irvine 1981), 
𝐸𝐴 is the cable axial stiffness, and 𝜃 is the inclination angle of the cable with 
respect to its horizontal projection; 
e) The non-dimensional bending stiffness parameter = 𝐸𝐼/(𝐻𝐿2), where 𝐸𝐼  is 




The values of these non-dimensional system parameters used in the current 
numerical simulation are listed in Table 5.1. Since large cable sag and high cable bending 
stiffness are unlikely to coexist, based on the real stay cable database compiled by 
Tabatabai and Mehrabi (1998), the cases satisfying both 𝜆2 ≥ 0.7 and ≥ 10−4 were not 
included in the parametric study.  
The combination of these parameters yielded a total of 3960 numerical simulation 
cases. The dynamic response of the cable-NSD system under each set of parameter 
combination was numerically simulated to determine the maximum achievable first modal 
damping ratio 𝜉1
𝑚𝑎𝑥
 and the corresponding optimum damping coefficient Ψ1
𝑜𝑝𝑡, where 
Ψ = 𝑐/√𝐻𝑚 is the non-dimensional form of the damping coefficient 𝑐 of the damper, 𝐻 
is the cable tension, and 𝑚 is the cable unit mass. The damping coefficient c is also referred 
to as the damper size. For portraying the relation between the damper size and the first 
modal damping ratio, each set of Γ𝑑 , 𝜆
2, , 𝐾𝑑, and 𝐾𝑠 was combined respectively with 10 
different damper sizes in the numerical simulations. According to the asymptotic solution 
of the non-dimensional optimum damper size Ψ1,𝑎𝑠𝑦
𝑜𝑝𝑡
 derived by Javanbakht et al. (2018), 
for the parameter values used in the current parametric study, Ψ1,𝑎𝑠𝑦
𝑜𝑝𝑡
 would vary over a 
wide range of 1.05 to 57.9. To ensure the optimum damper size can be properly identified 
in different simulation cases, a normalized damper size parameter is introduced. It is 
defined as 𝛼 = Ψ/Ψ1,𝑎𝑠𝑦
𝑜𝑝𝑡
, where Ψ is the non-dimensional damper size and 𝛼 = 1 would 
locate the non-dimensional optimum damper size. The corresponding actual damper size 
can be computed from 𝑐 = 𝛼Ψ1,𝑎𝑠𝑦
𝑜𝑝𝑡
√𝐻𝑚. The values of 𝛼 used in the current parametric 




Table 5.1 Parameter values used in the parametric study 
Parameter Values 
Damper location Γ𝑑  1%, 2%, 3%, 5%, 8% 
Normalized damping coefficient 𝑎 0.3, 0.6, 0.8, 1, 1.2, 1.4, 2, 3, 4, 5 
Non-dimensional damper stiffness 𝐾𝑑 0, -0.1, -0.3, -0.5, -0.6, -0.7 
Non-dimensional damper support 
stiffness 𝐾𝑠 
14.4, 34, 50, Rigid 
Non-dimensional sag parameter 𝜆2 0.0103, 0.3, 0.5, 0.7, 0.8, 0.9, 1 
Non-dimensional bending stiffness  
(× 10−5) 
0.29, 2.5, 5, 10, 14, 17, 20 
 
5.2 Effect of negative damper stiffness 
 In this section, the effect of negative damper stiffness on the performance of NSD 
is investigated with 𝐾𝑑 = 0, −0.1, −0.3, −0.5, −0.6, −0.7 . Take the case of Γ𝑑 = 5% , 
𝜆2 = 0.0103, = 2.5 × 10−5, and 𝐾𝑠 = ∞ (rigid) as an example, the relation between the 
non-dimensional damper size Ψ and the first modal damping ratio 𝜉1 of the cable-NSD 
system is depicted in Figure 5.1. Each curve in Figure 5.1 corresponds to a specific damper 
stiffness. By comparing with the case of 𝐾𝑑 = 0 (ZSD), the existence of negative damper 
stiffness is found to increase the first modal damping ratio of a damped cable. In addition, 
the trend of the curves suggests that if dampers with the same damping coefficient but 
different negative damper stiffness were attached to the same cable at the same damper 
location, the damper with a stronger negative stiffness would be more helpful in increasing 
the first modal damping ratio of the cable-NSD system, and consequently the maximum 




the cases investigated in the current parametric study and the experimental results of the 
rigid damper support scenario given in Table 4.2. Besides, the studies by Zhou and Li (2015) 




Figure 5.1 Effect of negative damper stiffness on the first modal damping ratio of a cable-
NSD system (Γ𝑑 = 5%, 𝜆
2 = 0.0103, = 2.5 × 10−5, 𝐾𝑠 = Rigid) 
 
Figure 5.1 further shows that for each damper stiffness, there exists an optimum 
non-dimensional damping coefficient and it varies with the changes in damper stiffness. It 
can be observed from Figure 5.1 that the optimum non-dimensional damping coefficients 
Ψ1




stiffnesses 𝐾𝑑 of -0.1, -0.3, -0.5, -0.6, and -0.7, respectively. In other words, the optimum 
damper size would be smaller if a stronger negative damper stiffness is used. This trend is 
the same as what was found in an analytical study by Javanbakht et al. (2018). 
 
5.3 Effect of damper support stiffness 
As listed in Table 4.3, four different levels of damper support stiffness, i.e. 𝐾𝑠 = 
14.4, 34, 50 and ∞ (rigid), are used in the parametric study to examine the influence of 
this system property on the effectiveness of NSD. Figure 5.2 to 5.6 illustrate five sets of 
sample numerical simulation results. Both considers a damper location of 𝛤𝑑 = 5%, a non-
dimensional sag parameter of 𝜆2 = 0.0103 , a non-dimensional bending stiffness =
2.5 × 10−5, but five different non-dimensional damper stiffness of 𝐾𝑑 = −0.1, -0.3, -0.5, 
-0.6 and −0.7, which are shown respectively in Figures 5.2 to Figure 5.6. Each curve in 
these five sub-plots portrays the relation between the non-dimensional damping coefficient 
Ψ and the first modal damping ratio 𝜉1 of the studied cable-NSD system for a specific 
damper support stiffness. 
The pattern of the 𝜉1- Ψ curves in Figure 5.2 to Figure 5.6 suggests that the effect 
of damper support stiffness on the performance of NSD depends on the level of the negative 
damper stiffness and the damper size. When the negative damper stiffness is relatively 
weak, such as 𝐾𝑑 = −0.1 shown in Figure 5.2, using a more rigid damper support would 
result in a higher system modal damping ratio when the non-dimensional damper size 




a NSD has a strong negative damper stiffness, such as 𝐾𝑑 = −0.7 (Figure 5.6), when the 
non-dimensional damper size Ψ ≤ 3.55, using a more flexible support is found to be 
advantageous for achieving high system modal damping ratio. However, when Ψ > 3.55, 
it is preferable to choose a more rigid support. In addition, by comparing the four 𝜉1- Ψ 
curves in Figure 5.6, it is noticed that a more flexible damper support would result in a 
smaller optimum damper size and a higher maximum achievable first modal damping ratio. 
The optimum damper size for the cases of 𝐾𝑠 = ∞ (rigid), 50, 34 and 14.4, as shown in 
Figure 5.6, are 3.4, 3.2, 3.1 and 2.8, respectively; whereas the corresponding maximum 
achievable damping ratio are 6.42%, 6.48%, 6.51%, and 6.68%, respectively. 
 
 






Figure 5.3 Effect of damper support stiffness (𝐾𝑑 = −0.3) 
 
 





Figure 5.5 Effect of damper support stiffness (𝐾𝑑 = −0.6) 
 
 




To have a more comprehensive view on how the damper support stiffness would 
affect the performance of NSD and the dependence of its effect on the damper stiffness, 
the variation of the maximum achievable first modal damping ratio of the studied cable-
NSD system (𝛤𝑑 = 5%, 𝜆
2 = 0.0103, = 2.5 × 10−5) against the support stiffness is 
plotted in Figure 5.7 for 𝐾𝑑 = 0, −0.1, −0.3, −0.5, −0.6 and −0.7. Results show that for 
cases with strong negative damper stiffness, i.e. 𝐾𝑑 = −0.6 and −0.7, 𝜉1
𝑚𝑎𝑥
 increases as 
the support becomes more flexible; whereas when the negative damper stiffness is 
relatively weak, such as the cases of 𝐾𝑑 = −0.1, −0.3 and −0.5, it would be beneficial to 
use a more rigid support. A critical non-dimensional negative damper stiffness of 𝐾𝑑
𝑐𝑟 =
−0.59 can be found, of which the NSD performance would not be sensitive to the change 
in the support stiffness over the studied range. Therefore, unless a NSD has strong enough 
negative damper stiffness, the effect of support stiffness on the NSD would be similar to 
that on ZSD and/or PSD, which was reported by Fujino and Hoang (2008) as well as 





Figure 5.7 Effect of damper support stiffness on the maximum achievable first modal 
damping ratio of a cable-NSD system (𝛤𝑑 = 5%, 𝜆
2 = 0.0103, = 2.5× 10−5) 
 
5.4 Effect of cable sag 
 The self-weight of a cable would cause sag. The influence of sag on the efficiency 
of NSD is investigated in the current study by considering seven different sag parameters 
of 𝜆2 = 0.0103, 0.3, 0.5, 0.7, 0.8, 0.9, and 1. Figure 5.8 presents a set of sample results for 
𝜆2 = 0.0103, 0.5, 0.8, and 1 under the condition of a non-dimensional damper installation 
location 𝛤𝑑 = 5% , a non-dimensional bending stiffness = 2.5 × 10
−5 , a non-
dimensional damper stiffness of 𝐾𝑑 = −0.1 and a rigid damper support (𝐾𝑠 = ∞). Each 
of the four curves in the figure corresponds to one of the studied sag scenarios. Results 




smaller with the increase of cable sag, whereas a larger optimum damper size would be 
needed. For the cases shown in Figure 5.8, when 𝜆2  increases from 0.0103 to 1, the 
optimum damper size would increase from 6.9 to 8.3, but the corresponding maximum 
achievable first modal damping ratio drops from 2.95% to 2.53%. The sag effect on the 
optimum damper size and the maximum achievable first modal damping ratio of a cable-
NSD system observed in the current study is consistent with that found in the cable-ZSD 
system (Fujino and Hoang 2008). 
Should a damper support need to be used, the critical non-dimensional damper 
stiffness, 𝐾𝑑
𝑐𝑟, to ensure the advantage of using a more flexible support, would decrease 
as the cable sag increases. The relation between 𝐾𝑑
𝑐𝑟 and 𝜆2 is portrayed in Figure 5.9, of 
which 𝐾𝑑
𝑐𝑟 reduces monotonically with larger cable sag. In other words, when attach a 
NSD to a cable with larger sag, stronger negative damper stiffness should be considered to 






Figure 5.8 Effect of cable sag on the first modal damping ratio of a cable-NSD system 
(𝛤𝑑 = 5%, = 2.5× 10
−5, 𝐾𝑑 = −0.1, 𝐾𝑠 = rigid) 
 
 
Figure 5.9 Effect of cable sag parameter on 𝐾𝑑





5.5 Effect of cable bending stiffness  
 Besides sag, bending stiffness is another important cable property which would 
affect the performance of NSD. Seven cable bending stiffness parameters of =
 2.9 × 10−6, 2.5 × 10−5, 5.0 × 10−5, 10−4, 1.4 × 10−4, 1.7 × 10−4, and 2.0 × 10−4 are 
used in the parametric study. Figure 5.10 illustrates the relation between the first modal 
damping ratio and the non-dimensional damper size for a sample case of 𝛤𝑑 = 5% , 
𝜆2=0.0103, 𝐾𝑑 = −0.1, and 𝐾𝑠 = ∞ (rigid), of which the non-dimensional cable bending 
stiffness is taken respectively as =  2.9 × 10−6 ,  5.0 × 10−5 , 1.4 × 10−4  and 2.0 ×
10−4 in four independent simulations. The pattern of the four 𝜉1- Ψ curves in Figure 5.10 
indicates that the effect of cable bending stiffness on the NSD efficiency depends on the 
damper size, i.e. there exists a critical damper size, smaller or larger than which, the cable 
bending stiffness would have completely opposite impact on NSD. This critical non-
dimensional damper size is identified to be 11.1 in Figure 5.10. When Ψ ≤ 11.1, attach the 
same NSD to a more flexible cable would yield higher damping ratio of the damped cable; 
whereas when Ψ > 11.1, it would dissipate more energy from a stiffer cable. Nevertheless, 
the optimum damper size gradually reduces with the increase of cable flexibility, while the 
corresponding maximum achievable first modal damping ratio becomes higher. For the 
four cable bending stiffness cases shown in Figure 5.10, when the non-dimensional cable 
bending stiffness parameter decreases from =  2.0 × 10−4 to 2.9 × 10−6, the optimum 





Besides, the critical non-dimensional stiffness of NSD, 𝐾𝑑
𝑐𝑟, to ensure positive 
impact of mounting it on a flexible damper support also depends on the cable bending 
stiffness, as illustrated in Figure 5.11. With the increase of , 𝐾𝑑
𝑐𝑟  decreases 
monotonically. This implies to ensure flexible damper support would be advantageous to 
NSD performance, a NSD with stronger negative damper stiffness should be chosen when 
it is used to control vibration of a stiffer cable. 
 
 
Figure 5.10 Effect of cable bending stiffness on the first modal damping ratio of a cable-
NSD system (𝛤𝑑 = 5%, 𝜆





Figure 5.11 Effect of cable bending stiffness on 𝐾𝑑
𝑐𝑟 (𝛤𝑑 = 5%, 𝜆
2 = 0.0103) 
 
5.6 Effect of damper installation location 
Results obtained from all the cases conducted in the parametric study show a 
consistent damper installation location effect on NSD efficiency as the existing studies for 
ZSD and PSD (Krenk 2000; Fournier and Cheng 2014), i.e. install a NSD closer to the 
cable mid-span would require a smaller optimum damper size to achieve the maximum 





Chapter 6 Negative Stiffness Damper Design Tool 
 
6.1 Development of NSD design tool 
 To facilitate the NSD design, a NSD design tool is developed in this chapter to 
select the optimum damper size and predict the corresponding maximum achievable 
damping ratio of a cable-NSD system. 
Based on all the numerical simulation results obtained in the parametric study, a 
NSD design tool is developed, which takes into account the influence of the damper 
location, the negative damper stiffness, the damper support stiffness, the cable sag, and the 
cable bending stiffness on the NSD performance. Empirical design formulas for choosing 
the optimum damper size of a NSD and predicting the maximum achievable first modal 
damping ratio of a cable equipped with such a damper is given respectively in Equations 
(6.1) and (6.2). These two formulas are obtained by applying regression analysis to the 

















where 𝜂𝑓 = 1 − 𝑞 − 0.5𝑟𝑞
2 is the modification factor for the damping ratio 𝜉 due to the 
impact of cable bending stiffness; 𝑟 = 𝛤𝑑/√  and 𝑞 = (1 − 𝑒
−𝑟)/𝑟  are the auxiliary 
bending stiffness coefficients (Fujino and Hoang, 2008); Ω = 1/𝐾𝑠 + 𝜂𝑓 is the combined 
factor of damper support stiffness and modification factor due to the cable bending stiffness 
(Ω ≥ 0); 𝜙 = 1/𝐾𝑠 + 𝜂𝑓𝑒
−0.19𝜆2 is the combined factor of damper support stiffness, cable 
sag, and modification factor due to the cable bending stiffness (𝜙 ≥ 0). In these two 
equations, the non-dimensional cable bending stiffness  is implicit in 𝜂𝑓 ( → 0
+, 𝜂𝑓 →
1; → ∞, 𝜂𝑓 → 0). 
As can be seen from these two empirical equations, if they would be used to select 
the optimum size of a rigidly supported ZSD to control vibrations of a taut cable, i.e. 𝐾𝑑 =
0, 𝐾𝑠 = ∞, 𝜆
2 = 0, and = 0, then the rest of the parameters in Equations (6.1) and (6.2) 
would be 𝜂𝑓 = 1, Ω = 1, and 𝜙 = 1. Thus, Equations (6.1) and (6.2) would be reduced to 
Ψ1
𝑜𝑝𝑡 = 1.01/(𝜋𝛤𝑑)  or c1
𝑜𝑝𝑡 = 0.102𝜋√𝐻𝑚/𝛤𝑑 , and 𝜉1
𝑚𝑎𝑥 = 0.542𝛤𝑑 . They are in 
good agreement with those developed by Pacheco et al. (1993) under the same idealized 
condition, which are c1
𝑜𝑝𝑡 = 0.1𝜋√𝐻𝑚/𝛤𝑑  and 𝜉1
𝑚𝑎𝑥 = 0.52𝛤𝑑 . 
Besides, the effects of various system parameters on the optimum damper size and 
the maximum achievable first modal damping ratio are clearly reflected in these two 
equations. Placing a damper closer to the cable mid-span, i.e. increasing 𝛤𝑑 , would result 
in the requirement of a smaller optimum damper size Ψ1
𝑜𝑝𝑡  and obtaining a higher 
maximum achievable damping ratio 𝜉1
𝑚𝑎𝑥
. If reduce the strength of the negative damper 






 would be smaller. Also, it is noticed that since a properly designed NSD would 
satisfy the stability criterion (Javanbakht et al. 2018), i.e. 𝐾𝑑 > −1/(1/𝐾𝑠 + 𝜂𝑓), it would 
ensure 𝐾𝑠 > −𝐾𝑑 and therefore from Equation (6.2), it yields 𝑑𝜉1
𝑚𝑎𝑥/𝑑𝜂𝑓 > 0. Since the 
increase of cable bending stiffness  would cause a decrease in 𝜂𝑓 , the maximum 
achievable damping ratio would be lower for a more rigid cable. Meanwhile, it can be seen 
from Equation (6.1) that reducing  would lead to a reduction in Ψ1
𝑜𝑝𝑡, which means a 
smaller optimum NSD size is needed if it is installed on a more flexible cable. The 
influence of the cable sag, 𝜆2, on Ψ1
𝑜𝑝𝑡 and 𝜉1
𝑚𝑎𝑥
 can be explained similarly as that of . 
To achieve optimum vibration control effect of a cable with larger sag, a larger size of NSD 
should be used, while the maximum achievable first modal damping ratio would be lower. 
It has been observed in the parametric study that the influence of damper support 
stiffness on the maximum achievable first modal damping ratio depends on the damper 
stiffness. In the case of a NSD, i.e. 𝐾𝑑 < 0, if using a flexible damper support would be 
beneficial to its performance, it should satisfy 𝑑𝜉1
𝑚𝑎𝑥/𝑑𝐾𝑠 < 0, which, based on Equation 
(6.2), would give 𝐾𝑑 < −0.5/𝜙 . Thus, the critical damper stiffness to ensure the 











    
(6.3a) 
The form of Equation (6.3a) suggests that the rigid damper support condition (𝐾𝑠 = ∞) 
would give the lower bound for 𝐾𝑑









In other words, as far as the damper stiffness of a NSD satisfies 𝐾𝑑 < 𝐾𝑑
𝑐𝑟|𝐾𝑠=∞, using a 
flexible support would enhance the energy dissipation efficiency of a NSD. Thus, a simpler 
form of the empirical equation, as given in Equation (6.3b), can be used to determine 𝐾𝑑
𝑐𝑟. 
Further, it is observed in Equation (6.3b) that while the increase of damper installation 
location Γ𝑑  would result in an increase of the critical damper stiffness 𝐾𝑑
𝑐𝑟, the increase of 
the non-dimensional cable bending stiffness parameter  and the cable sag parameter 𝜆2 
would lead to a lower 𝐾𝑑
𝑐𝑟, as been observed in Figures 5.9 and 5.11. 
 
6.2 Validation of NSD design tool 
To verify the validity and accuracy of the developed NSD empirical design 
formulas, namely Equations (6.1), (6.2), and (6.3b), they are applied to design a NSD which 
can most effectively suppress vibrations of a real stay cable discussed in a design example 
by Shi et al. (2016) and Javanbakht et al. (2018). This cable has a length of 122 m, a 
diameter of 119 mm, a unit mass of 51.8 kg/m, and a tension of 3150 kN. Further, it is 
assumed that the cable has an elastic modulus 𝐸 = 200 GPa and an inclination angle 𝜃 =
0° . These give a non-dimensional cable sag parameter of 𝜆2 = 0.274  and a non-
dimensional bending stiffness parameter of = 4.2 × 10−5. The design outcome, in terms 
of the optimum damper size Ψ1
𝑜𝑝𝑡  for suppressing cable vibration dominated by the 
fundamental mode and the corresponding maximum achievable first modal damping ratio 
𝜉1
𝑚𝑎𝑥




et al. 2018) for three different damper installation locations of  𝛤𝑑 = 3% , 5%, and 6%; 
three different damper stiffness of 𝐾𝑑 = −0.2, −0.5, and −0.66; and two different damper 
support stiffness of 𝐾𝑠 = ∞ and 15. Besides, the critical damper stiffness 𝐾𝑑
𝑐𝑟 for reaping 
the benefits of mounting NSD on flexible damper support can be verified by the variation 
pattern of 𝜉1
𝑚𝑎𝑥
 against damper support stiffness 𝐾𝑠  under different levels of damper 
stiffness 𝐾𝑑 . These comparisons are summarized in Table 6.1, with their respective 
percentage difference given in the bracket. 
As can be seen in Table 6.1, overall the two sets of results agree well both in pattern 
and magnitude. The positive effect of installing NSD closer to the cable mid-span and 
choosing stronger negative damper stiffness is clearly reflected in the optimum damper 
size Ψ1
𝑜𝑝𝑡 and the corresponding maximum achievable first modal damping ratio 𝜉1
𝑚𝑎𝑥
 
predicted by both approaches. The analytical model proposed by Javanbakht et al. (2018) 
gives a more conservative prediction when the negative damper stiffness is relatively weak. 
As explained early, this is mainly due to the assumption of parabolic static cable profile 
used in its development. On the other side, the validity of Equation (6.3b) can be verified 
by comparing the damper support stiffness effect when the damper stiffness is either larger 
(weaker negative damper stiffness) or smaller (stronger negative damper stiffness) than the 
critical damper stiffness predicted by Equation (6.3b). When NSD is installed at 𝛤𝑑 = 3%, 
the predicted critical damper stiffness, i.e. 𝐾𝑑
𝑐𝑟 = −0.77, is smaller than all three studied 
damper stiffness in Table 6.1. Therefore, NSD would be more effective if it is mounted on 
a stiffer support, which is consistent with the corresponding results in Table 6.1. For 




condition and 𝐾𝑠 = 15 are 11.1 and 9.8, respectively and the maximum achievable first 
modal damping ratio are 2.25% and 2.15%, respectively. In the case of 𝛤𝑑 = 5%, 𝐾𝑑
𝑐𝑟 is 
predicted to be -0.65. Thus, among the three studied damper stiffness scenarios of 𝐾𝑑 =
−0.2, −0.5 and −0.66, only the third scenario satisfies the condition of 𝐾𝑑 < 𝐾𝑑
𝑐𝑟 for a 
flexible support to be beneficial to increase NSD efficiency. The validity of the 𝐾𝑑
𝑐𝑟 
predicted by Equation (6.3b) is demonstrated by the impact of damper support stiffness on 
the predicted 𝜉1
𝑚𝑎𝑥
 when 𝐾𝑑 = −0.2, −0.5 and when 𝐾𝑑 = −0.66. In the former, a more 
rigid damper support is found to be beneficial whereas in the latter, a more flexible support 
would be a preferable choice to enhance the performance of NSD. Similar phenomenon 
can be observed when the damper is installed at 6%, of which Equation (6.3b) gives 𝐾𝑑
𝑐𝑟 =
−0.63. The results in Table 6.1 clearly indicate that the proposed NSD design tool, in terms 
of Equations (6.1), (6.2), and (6.3b), can provide a good estimation for the optimum damper 
size, the maximum achievable first modal damping ratio and the critical damper size for 
evaluating the support stiffness effect, and thus can be conveniently used for NSD design, 










Table 6.1 Comparison of predicted optimum damping coefficient and maximum 
attainable damping ratio (𝜆2 = 0.274, = 4.2 × 10−5) 
aPercentage difference between the solutions of the proposed design equations and the 
analytical analysis, with the solution of the analytical analysis as the reference base. 










Eq. (6.1)  
Javanbakht 










14.0 (6.1%) a 13.2 1.78 (11%) 1.60 
15 12.7 (6.7%) 11.9 1.65 (12%) 1.47 
-0.5 
∞ 11.1 (8.8%) 10.2 2.25 (7.7%) 2.09 
15 9.8 (11%) 8.8 2.15 (7.5%) 2.00 
-0.66 
∞ 9.6 (12%) 8.6 2.63 (5.2%) 2.50 





7.0 (6.1%) 6.6 3.05 (5.2%) 2.90 
15 6.4 (6.7%) 6.0 2.86 (5.5%) 2.71 
-0.5 
∞ 5.3 (10%) 4.8 4.10 (0.7%) 4.07 
15 4.7 (12%) 4.2 3.99 (0.8%) 3.96 
-0.66 
∞ 4.3 (7.5%) 4.0 5.05 (2.5%) 5.18 





5.6 (5.7%) 5.3 3.68 (2.5%) 3.59 
15 5.2 (8.3%) 4.8 3.47 (3.3%) 3.36 
-0.5 
∞ 4.2 (11%) 3.8 5.03 (2.1%) 5.14 
15 3.7 (8.8%) 3.4 4.92 (1.8%) 5.01 
-0.66 
∞ 3.4 (9.7%) 3.1 6.31 (5.1%) 6.65 




6.3 Design example 
A design example is presented in this section, of which the proposed damper design 
tools, namely Equation (6.1), (6.2), and (6.3a), are applied to choose an appropriate damper 
to suppress cable vibrations under different design conditions. 
The sample cable considered in the example is one of the stay cables, AS18, on the 
Fred Hartman Bridge. Based on the information provided in the existing literature 
(Caracoglia and Jones 2005a; Zuo and Jones 2005), the length of the cable is 112.28 m, the 
mass per unit length is 52.9 kg/m, the cable diameter is 160 mm, the cable tension is 2732 
kN, and the inclination angle is 35.3𝑜. The modulus of elasticity of the cable is 200 GPa. 
Dynamic analysis shows that the cable can be excited by various types of dynamic loads 
on site during service. In majority of the cases, the first mode of the cable has a considerable 
contribution to the dynamic response. Therefore, it is decided to design a passive damper 
for the cable with the objective to control its first mode. As indicated by the dynamic 
analysis results, a minimum first modal damping ratio of 2% is required to suppress wind-
induced cable vibration corresponding to the 50-year return period wind at the bridge site, 
whereas 5.5% is needed for the 100-year return period wind. 
Three different design schemes have been proposed in the preliminary stage of 
damper design. They include: 
To resist wind effect with a return period of 50 years: 
a) A ZSD installed at Γ𝑑 = 3%; 




To resist wind effect with a return period of 100 years: 
c) A NSD installed at Γ𝑑 = 5% and mounted on a support. The support has a length 
of 3.5 m and a tubular cross-section with an outer diameter of 0.2 m and an inner 
diameter of 0.085 m. The support is made of a composite material having a 
modulus of elasticity of 1 GPa. 
It is required to design passive dampers for these three design scenarios and make a 
comparison. 
a) Γ𝑑 = 3%, 𝐾𝑑 = 0, 𝐾𝑠 = ∞ 
Based on the given properties of the sample cable, the non-dimensional sag 
parameter 𝜆2  and the non-dimensional bending stiffness parameter  are: 𝜆2 =
(𝑚𝑔𝐿𝑐𝑜𝑠𝜃/𝐻)2𝐸𝐴𝐿/(𝐻𝐿𝑒) ≈ (𝑚𝑔𝐿𝑐𝑜𝑠𝜃)
2𝐸𝐴/𝐻3 = 0.446 , and = 𝐸𝐼/(𝐻𝐿2) =
1.87 × 10−4. 
The auxiliary bending stiffness coefficients are 𝑟 = 𝛤𝑑/√ = 2.19, and 𝑞 = (1 −
𝑒−𝑟)/𝑟 = 0.41 . The modification factor 𝜂𝑓  and the combined factors Ω  and 𝜙  in 
Equations (6.1) and (6.2) can thus be computed as 𝜂𝑓 = 1 − 𝑞 − 0.5𝑟𝑞
2 = 0.415, Ω =
1/𝐾𝑠 + 𝜂𝑓 = 0.415, and 𝜙 = 1/𝐾𝑠 + 𝜂𝑓𝑒
−0.19𝜆2 = 0.381. 
Substitute Γ𝑑 = 3%  and K𝑑 = 0  into Equations (6.1) and (6.2), the non-
dimensional optimum damper size is found to be Ψ1
𝑜𝑝𝑡 = 26.1 (or an optimum damping 
coefficient of c1
𝑜𝑝𝑡 = Ψ1
𝑜𝑝𝑡√𝐻𝑚 = 314.3  kN∙s/m), and the corresponding maximum 
achievable first modal damping ratio of 𝜉1




required damping ratio of 2%. Therefore, install a ZSD at Γ𝑑 = 3% cannot satisfy the 
design requirement. 
b) Γ𝑑 = 3%, 𝐾𝑑 < 0, 𝐾𝑠 = ∞ 
Since the damper installation location and the damper support condition are the 
same as those in the design scenario (a), so 𝜂𝑓, Ω, and 𝜙 remain the same. For satisfying 
the design requirement, based on Equation (6.2), we have 
𝜉1




+ 0.0635) 𝛤𝑑 ≥ 2% 
which yields 𝐾𝑑 ≤ −0.65. On the other hand, to ensure the stable performance of the NSD, 
the NSD stability criterion requires 𝐾𝑑 > −1/(1/𝐾𝑠 + 𝜂𝑓) (Javanbakht et al. 2018). If 
consider a safety factor of 1.5, it gives 𝐾𝑑 > −1.61. To satisfy both conditions, the non-
dimensional damper stiffness is taken as 𝐾𝑑 = −0.65, or a negative damper stiffness of 
𝑘𝑑 = −527  kN/m is selected for the NSD. The resulted optimum damper size and 
maximum achievable first modal damping ratio can be computed respectively from 
Equations (6.1) and (6.2), i.e. Ψ1
𝑜𝑝𝑡 = 19.9 (or c1
𝑜𝑝𝑡 = Ψ1
𝑜𝑝𝑡√𝐻𝑚 = 238.9 kN∙s/m) and 
𝜉1
𝑚𝑎𝑥 = 2.00%. 
Therefore, use a NSD with a damper size of 238.9 kN∙s/m, a damper stiffness of -
527 kN/m and install it at Γ𝑑 = 3% can provide a maximum first modal damping ratio of 
2.00% and thus can satisfy the design requirement. 




For a tubular shape support with an outer diameter of 0.2 m, an inner diameter of 
0.085 m, a length of 3.5 m, and a Young’s modulus of 1 GPa, its axial stiffness is 𝑘𝑠 =
7355 kN/m, or a non-dimensional support stiffness of 𝐾𝑠 = 15. The factors 𝜂𝑓, Ω, and 𝜙 
in Equations (6.1) and (6.2) now become 𝜂𝑓 = 0.604, Ω = 0.671, and 𝜙 = 0.621. The 
maximum allowable support stiffness to ensure the beneficial effect of mounting a NSD 





2 = −0.901 
Since from Equation (6.1), it is required to have 𝐾𝑑 ≤ −0.965 to satisfy 𝜉1
𝑚𝑎𝑥 ≥ 5.5%; 
and the stability criterion requires 𝐾𝑑 > −0.99 based on a safety factor of 1.5, we choose 
𝐾𝑑 = −0.97 or 𝑘𝑑 = −472 kN/m. 
Using Equations (6.1) and (6.2), the optimum damper size and the maximum 
achievable first modal damping ratio can be determined, which are Ψ1
𝑜𝑝𝑡 = 4.34  (or 
c1
𝑜𝑝𝑡 = Ψ1
𝑜𝑝𝑡√𝐻𝑚 = 52.1  kN∙s/m) and 𝜉1
𝑚𝑎𝑥 = 5.54% , respectively. If replace the 
flexible damper support by a rigid support, the optimum damper size and the corresponding 
first modal damping ratio predicted by Equations (6.1) and (6.2) are Ψ1
𝑜𝑝𝑡 = 5.36 (or 
c1
𝑜𝑝𝑡 = Ψ1
𝑜𝑝𝑡√𝐻𝑚 = 64.5  kN∙s/m) and 𝜉1
𝑚𝑎𝑥 = 5.34% , respectively, which cannot 
satisfy the requirement of the first modal damping ratio. It can be seen that the use of a 
flexible damper support improves the damper efficiency from 5.34% to 5.54% and reduces 




Compare the NSD design outcomes in scenarios (b) and (c), to satisfy a higher 
required first modal damping ratio, the damper installation location is moved from Γ𝑑 =
3% to 5%, and the damper is mounted on a support with 𝐾𝑠 = 15. Although the required 
damping ratio increase from 2% to 5.5%, results show that the optimum damper size 
reduces from 238.9 kN∙s/m to 52.1 kN∙s/m by 78%, whereas the damper stiffness increases 
from -527 kN/m to -472 kN/m by 10%. Therefore, by relocating the damper and mounting 
it on a flexible support, it yields a weaker negative damper stiffness NSD design with a 





Chapter 7 Conclusions and Recommendations 
 
7.1 Conclusions 
Equip a vulnerable bridge stay cable with an external damper is a common practice 
on site to control excessive cable vibrations. Passive negative stiffness damper (NSD) is 
found to be not only efficient in performance but also less demanding on system 
composition and maintenance. However, the performance of NSD in controlling cable 
vibrations has not been fully understood. In particular, there is no experimental and 
numerical study available to evaluate the effect of damper support stiffness. An 
experimental study has been conducted in the current study to investigate the influence of 
damper stiffness and damper support stiffness on the system modal damping ratio of the 
damped cable. In addition, a finite element model of a cable-NSD system has been 
developed, not only to conduct numerical simulations to validate the experimental results, 
but also to carry out parametric study to evaluate the impact of damper stiffness, damper 
support stiffness, cable sag, cable bending stiffness, and damper location on NSD 
efficiency. Based on the parametric study results, a NSD design tool has been developed 
to predict the optimum damper size and the corresponding maximum achievable first 
modal damping ratio of a cable-NSD system. The validity and accuracy of the proposed 
NSD design tool have been verified using an existing analytical approach. A design 
example has been presented to illustrate the application of the proposed NSD design tool 
through three different design scenarios. As a summary, the following have been completed 




1. Design a NSD which has adjustable damper stiffness and damper support 
stiffness. 
2. Conduct a dynamic test to calibrate the damping property of the NSD by 
hysteresis loop measurement. 
3. Carry out forced vibration tests on a cable-NSD system to investigate the effect 
of damper stiffness, damper support stiffness on the system modal damping 
ratio of the damped cable. 
4. Develop a finite element model of a cable-NSD system. 
5. Discuss the differences between the experimental, the numerical, and the 
analytical results. 
6. Investigate the effect of the parameters of interest on the behavior of the cable-
NSD system based on the results of the parametric study. 
7. Propose empirical formulae to predict the optimum damper size and the 
maximum achievable first modal damping ratio of a cable-NSD system. 
The main findings of the current study can be concluded as follows: 
1. The superior performance of NSD in mitigating cable vibrations has been 
confirmed both experimentally and numerically. A smaller optimum damper 
size is needed if the NSD has stronger negative damper stiffness, and the 
corresponding maximum achievable damping ratio of the damped cable would 
be higher. 
2. The impact of the damper support stiffness on the efficiency of NSD, in terms 




negative damper stiffness. A critical damper stiffness has been identified, below 
or above which the support stiffness would have completely opposite effect on 
NSD. It has been found that if the damper stiffness is lower than this critical 
value (stronger negative damper stiffness), mounting a NSD on a more flexible 
support would be beneficial in dissipating more system energy; whereas if the 
damper stiffness is higher than this critical value (weaker negative damper 
stiffness), it would be advantageous to select a more rigid support. 
3. Attach a NSD to a cable having larger sag and/or higher bending stiffness would 
result in the requirement of a larger optimum damper size, but a reduced 
maximum achievable system modal damping ratio. 
4. The effect of the installation location on NSD is the same as that for 
conventional ZSD and PSD, i.e. moving NSD towards cable mid-span would 
reduce the optimum damper size but increase the maximum achievable 
damping ratio. 
5. The proposed NSD design tool can provide satisfactory predictions for the 
optimum damper size and the corresponding maximum achievable system 
modal damping ratio. Therefore, it can be conveniently used for NSD design, 
especially in the preliminary stage. 
6. The NSD performance has been studied experimentally and numerically, with 
the results compared with those obtained by an existing analytical model. It has 
been found that the inertial effect of the damper, which is present in the physical 
test, but neglected in the numerical and analytical studies, would help to 




damping ratio among the three, whereas the existing analytical modal gives the 
most conservative prediction because it also contains the assumption of a 
parabolic static profile of the cable.  
 
7.2 Future recommendations 
 The following are recommended for future studies: 
1. When a NSD is mounted on a flexible damper support, the inertial effect of the 
damper itself could be sizable and may increase the efficiency of the NSD. 
Further investigation on the inertia effect of NSD is needed.  
2. The NSD stability criterion is based on analytical studies. For further validation, 
experiments and numerical simulations need to be conducted to observe the 
NSD behavior under extreme negative damper stiffness condition. 
3. The non-linear behavior of the NSD should be investigated. Due to the 
existence of the negative damper stiffness in the NSD, the non-linear behavior 
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Appendix A Matlab m-file 
%%Filter the kinetic energy time-history from Abaqus 
%Get node name list, mass, and velocity which are saved in ini.mat file 
node_label = ini.node_label; 
mass = ini.mass; 
v = ini.v; 
%Time step interval (s) 
dt = 0.0005; 
%Initialization 
[n_elements, n_steps] = size(v); 
v_af = zeros(n_elements, n_steps); 
sampling_freq = 1/dt; 
 
%%Filter velocity data to obtain velocity in first modal (lowpass filter) 
ans_1 = pwelch(v(100,:),[],[],1000000,sampling_freq,'one sided'); 
[~,loc] = findpeaks(ans_1); 
%loc(1) is the fundamental frequency of the system 
loc = loc(1)/1000; 
hd = design(fdesign.lowpass('N,F3dB',N,loc+0.5,sampling_freq),'butter'); 
for ii = 1:n_elements 






%%Build the time sequence of the cable oscillation 
Time = 0:dt:dt*(n_steps-1); 
%Derive kinetic energy 
V_L = v_af(node_label(:,1),:); %Velocities of left nodes 
V_R = v_af(node_label(:,2),:); %Velocities of right nodes 





Appendix B Results of parametric study 
 
 
Figure B.1 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆
2 = 0.0103, = 2.9 × 10−6) 
 
 
Figure B.2 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆





Figure B.3 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆
2 = 0.0103, = 5 × 10−5) 
 
 
Figure B.4 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆





Figure B.5 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆
2 = 0.0103, = 1.4 × 10−4) 
 
 
Figure B.6 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆





Figure B.7 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆
2 = 0.0103, = 2 × 10−4) 
 
 
Figure B.8 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆





Figure B.9 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆
2 = 0.3, = 2.5 × 10−5) 
 
 
Figure B.10 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆





Figure B.11 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆
2 = 0.3, = 1 × 10−4) 
 
 
Figure B.12 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆





Figure B.13 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆
2 = 0.3, = 1.7 × 10−4) 
 
 
Figure B.14 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆





Figure B.15 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆
2 = 0.5, = 2.9 × 10−6) 
 
 
Figure B.16 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆





Figure B.17 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆
2 = 0.5, = 5 × 10−5) 
 
 
Figure B.18 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆





Figure B.19 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆
2 = 0.5, = 1.4 × 10−4) 
 
 
Figure B.20 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆





Figure B.21 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆
2 = 0.5, = 2 × 10−4) 
 
 
Figure B.22 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆





Figure B.23 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆
2 = 0.7, = 2.5 × 10−5) 
 
 
Figure B.24 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆





Figure B.25 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆
2 = 0.8, = 2.9 × 10−6) 
 
 
Figure B.26 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆





Figure B.27 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆
2 = 0.8, = 5 × 10−5) 
 
 
Figure B.28 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆





Figure B.29 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆
2 = 0.9, = 2.5 × 10−5) 
 
 
Figure B.30 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆





Figure B.31 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆
2 = 1, = 2.9 × 10−6) 
 
 
Figure B.32 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆





Figure B.33 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 1%, 𝜆
2 = 1, = 5 × 10−5) 
 
 
Figure B.34 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆





Figure B.35 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆
2 = 0.0103, = 2.5 × 10−5) 
 
 
Figure B.36 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆





Figure B.37 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆
2 = 0.0103, = 1 × 10−4) 
 
 
Figure B.38 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆





Figure B.39 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆
2 = 0.0103, = 1.7 × 10−4) 
 
 
Figure B.40 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆





Figure B.41 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆
2 = 0.3, = 2.9 × 10−6) 
 
 
Figure B.42 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆





Figure B.43 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆
2 = 0.3, = 5 × 10−5) 
 
 
Figure B.44 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆





Figure B.45 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆
2 = 0.3, = 1.4 × 10−4) 
 
 
Figure B.46 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆





Figure B.47 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆
2 = 0.3, = 2 × 10−4) 
 
 
Figure B.48 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆





Figure B.49 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆
2 = 0.5, = 2.5 × 10−5) 
 
 
Figure B.50 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆





Figure B.51 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆
2 = 0.5, = 1 × 10−4) 
 
 
Figure B.52 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆





Figure B.53 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆
2 = 0.5, = 1.7 × 10−4) 
 
 
Figure B.54 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆





Figure B.55 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆
2 = 0.7, = 2.9 × 10−6) 
 
 
Figure B.56 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆





Figure B.57 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆
2 = 0.7, = 5 × 10−5) 
 
 
Figure B.58 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆





Figure B.59 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆
2 = 0.8, = 2.5 × 10−5) 
 
 
Figure B.60 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆





Figure B.61 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆
2 = 0.9, = 2.9 × 10−6) 
 
 
Figure B.62 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆





Figure B.63 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆
2 = 0.9, = 5 × 10−5) 
 
 
Figure B.64 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆





Figure B.65 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆
2 = 1, = 2.5 × 10−5) 
 
 
Figure B.66 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 2%, 𝜆





Figure B.67 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆
2 = 0.0103, = 2.9 × 10−6) 
 
 
Figure B.68 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆





Figure B.69 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆
2 = 0.0103, = 5 × 10−5) 
 
 
Figure B.70 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆





Figure B.71 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆
2 = 0.0103, = 1.4 × 10−4) 
 
 
Figure B.72 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆





Figure B.73 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆
2 = 0.0103, = 2 × 10−4) 
 
 
Figure B.74 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆





Figure B.75 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆
2 = 0.3, = 2.5 × 10−5) 
 
 
Figure B.76 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆





Figure B.77 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆
2 = 0.3, = 1 × 10−4) 
 
 
Figure B.78 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆





Figure B.79 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆
2 = 0.3, = 1.7 × 10−4) 
 
 
Figure B.80 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆





Figure B.81 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆
2 = 0.5, = 2.9 × 10−6) 
 
 
Figure B.82 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆





Figure B.83 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆
2 = 0.5, = 5 × 10−5) 
 
 
Figure B.84 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆





Figure B.85 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆
2 = 0.5, = 1.4 × 10−4) 
 
 
Figure B.86 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆





Figure B.87 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆
2 = 0.5, = 2 × 10−4) 
 
 
Figure B.88 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆





Figure B.89 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆
2 = 0.7, = 2.5 × 10−5) 
 
 
Figure B.90 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆





Figure B.91 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆
2 = 0.8, = 2.9 × 10−6) 
 
 
Figure B.92 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆





Figure B.93 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆
2 = 0.8, = 5 × 10−5) 
 
 
Figure B.94 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆





Figure B.95 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆
2 = 0.9, = 2.5 × 10−5) 
 
 
Figure B.96 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆





Figure B.97 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆
2 = 1, = 2.9 × 10−6) 
 
 
Figure B.98 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆





Figure B.99 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 3%, 𝜆
2 = 1, = 5 × 10−5) 
 
 
Figure B.100 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆





Figure B.101 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆
2 = 0.0103, = 2.5 × 10−5) 
 
 
Figure B.102 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆





Figure B.103 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆
2 = 0.0103, = 1 × 10−4) 
 
 
Figure B.104 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆





Figure B.105 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆
2 = 0.0103, = 1.7 × 10−4) 
 
 
Figure B.106 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆





Figure B.107 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆
2 = 0.3, = 2.9 × 10−6) 
 
 
Figure B.108 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆





Figure B.109 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆
2 = 0.3, = 5 × 10−5) 
 
 
Figure B.110 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆





Figure B.111 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆
2 = 0.3, = 1.4 × 10−4) 
 
 
Figure B.112 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆





Figure B.113 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆
2 = 0.3, = 2 × 10−4) 
 
 
Figure B.114 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆





Figure B.115 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆
2 = 0.5, = 2.5 × 10−5) 
 
 
Figure B.116 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆





Figure B.117 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆
2 = 0.5, = 1 × 10−4) 
 
 
Figure B.118 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆





Figure B.119 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆
2 = 0.5, = 1.7 × 10−4) 
 
 
Figure B.120 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆





Figure B.121 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆
2 = 0.7, = 2.9 × 10−6) 
 
 
Figure B.122 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆





Figure B.123 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆
2 = 0.7, = 5 × 10−5) 
 
 
Figure B.124 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆





Figure B.125 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆
2 = 0.8, = 2.5 × 10−5) 
 
 
Figure B.126 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆





Figure B.127 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆
2 = 0.9, = 2.9 × 10−6) 
 
 
Figure B.128 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆





Figure B.129 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆
2 = 0.9, = 5 × 10−5) 
 
 
Figure B.130 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆





Figure B.131 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆
2 = 1, = 2.5 × 10−5) 
 
 
Figure B.132 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 5%, 𝜆





Figure B.133 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆
2 = 0.0103, = 2.9 × 10−6) 
 
 
Figure B.134 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆





Figure B.135 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆
2 = 0.0103, = 5 × 10−5) 
 
 
Figure B.136 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆





Figure B.137 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆
2 = 0.0103, = 1.4 × 10−4) 
 
 
Figure B.138 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆





Figure B.139 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆
2 = 0.0103, = 2 × 10−4) 
 
 
Figure B.140 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆





Figure B.141 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆
2 = 0.3, = 2.5 × 10−5) 
 
 
Figure B.142 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆





Figure B.143 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆
2 = 0.3, = 1 × 10−4) 
 
 
Figure B.144 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆





Figure B.145 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆
2 = 0.3, = 1.7 × 10−4) 
 
 
Figure B.146 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆





Figure B.147 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆
2 = 0.5, = 2.9 × 10−6) 
 
Figure B.148 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆






Figure B.149 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆
2 = 0.5, = 5 × 10−5) 
 
 
Figure B.150 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆





Figure B.151 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆
2 = 0.5, = 1.4 × 10−4) 
 
 
Figure B.152 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆





Figure B.153 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆
2 = 0.5, = 2 × 10−4) 
 
 
Figure B.154 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆





Figure B.155 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆
2 = 0.7, = 2.5 × 10−5) 
 
 
Figure B.156 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆





Figure B.157 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆
2 = 0.8, = 2.9 × 10−6) 
 
 
Figure B.158 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆





Figure B.159 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆
2 = 0.8, = 5 × 10−5) 
 
 
Figure B.160 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆





Figure B.161 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆
2 = 0.9, = 2.5 × 10−5) 
 
 
Figure B.162 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆





Figure B.163 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆
2 = 1, = 2.9 × 10−6) 
 
 
Figure B.164 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆





Figure B.165 Relation between the maximum achievable first modal damping ratio and 
non-dimensional damper support stiffness (Γ𝑑 = 8%, 𝜆
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